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1 Introduction 



In this paper, we establish fine properties of the elliptic measure associated to the solvability of 
the Dirichlet problem for certain small perturbations of elliptic operators in chord arc domains. 
The elliptic measure is that which arises naturally as the representing measure associated to the 
solution of the Dirichlet problem for a second order elliptic operator with continuous boundary 
data. The "fine properties" of such measures are sharply described by the conditions defining the 
Muckenhoupt weight classes, in which these measures are compared to other natural measures, 
such as surface measure, which live on the boundary of the domain. 

We will consider second order elliptic operators in divergence form, L = divvlV , which are 
perturbations, in a sense to be made precise, of some given elliptic operators. The perturbation 
theory developed here for chord arc domains is the extension of that same theory for Lipschitz 
domains: see [3], [8] [9], [10] for some prior literature. 

A chord arc domain in W 1 is a non-tangentially accessible (NTA) domain whose boundary is 
rectifiable and whose surface measure is Ahlfors regular (i.e. the surface measure on boundary balls 
of radius r grows like r n_1 ) . We refer the reader to the available literature, and specifically to [11] 
for the precise definition of NTA domains. NTA domains possess all of the following properties: (i) 
a quantified standard relationship between elliptic measure on the boundary of a domain and the 
Green's function for that domain, (ii) the doubling property of elliptic measure, and (iii) comparison 
principles for non- negative solutions to elliptic divergence form equations. These properties are 
consequences of the geometric definition of NTA domains and are stated precisely in the next 
section. 

We briefly recall the Muckenhoupt weight classes. If /i and v are mutually absolutely continuous 
positive measures defined on the boundary of a domain, d£l, then there exists a weight function g 
such that d[i = gdv. The measure dfi belongs to the weight class B q (di') if there exists a constant 
C > such that for all balls B C dtt, (v(B)" 1 j B g q dv) l / q < Cv(B)- 1 J B gdv. The union of the 
B q classes is the class. By real variable methods, it is known that if elliptic measure and 
surface measure on a domain are related via a weight in the class then the Dirichlet problem 
with data in LP (da) is solvable for some p < oo. There is a well known relationship between the 
Muckenhoupt B q weight classes, the existence of estimates for maximal functions and nontangential 
maximal functions, and the solvability of Dirichlet problems for second order elliptic divergence form 
operators. We assume that the reader is familiar with these results in harmonic analysis/elliptic 
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theory. 

One specific and nontrivial result in this theory is Dahlberg's result of 1977: the harmonic 
measure oj on a Lipschitz domain is mutually absolutely continuous with respect to surface measure, 
a, and the weight k relating the two measures {duo = kda) belongs to the B2(da) class. There is 
a further relationship between Muckenhoupt weights and the function space BMO of functions of 
bounded mean oscillation which then implies that log A; £ BMO(da). On C 1 domains, Jerison and 
Kenig proved that logfc G V MO{da). VMO is the Sarason space of vanishing mean oscillation, a 
proper subspace of BMO, and arises as the predual of the Hardy space H . In [14], Kenig and Toro 
showed that log A; belongs to VMO{da) when the domain is merely chord arc (with a vanishing 
condition) . 

The theory of perturbation of elliptic operators on Lipschitz domains begins with a result of 
Dahlberg, [4], which measures the difference between coefficients of the matrices of two divergence 
form elliptic operators in a Carleson norm. Here is the set up for the general perturbation theory: 
If Lq = div AqX7 is elliptic in a domain $7, then an elliptic operator L\ = div^4iV is a perturbation of 
Lq when the difference e{X) = \ A\(X) — Aq{X)\ is equal to zero when X E dQ. How closely should 
these operators, Lq and L±, agree in the interior of the domain so that good properties of the elliptic 
measure associated to Lq be preserved? The correct answer to this question is stated in terms of 
Carleson measures. The Carleson condition on e(X) is a delicate measure of the rate at which e(X) 
tends to zero as X approaches the boundary of f2. In terms of such Carleson conditions, sharp 
results on perturbations were obtained in [10]. And in [8], Escauriaza showed that a (vanishing) 
Carleson condition on a perturbation of the Laplacian in C 1 domains preserved the Jerison-Kenig 
result, namely that log A; € VMO. We will provide precise statements of some of these results in 
the next section. 

Our aim is to extend the perturbation results of [10] to the setting of chord arc domains (CADs). 
Much of the technology of function spaces on the boundary which is available when the domain 
has Lipschitz boundary is not available in this setting. Therefore, a good portion of this paper 
is devoted to developing the theory of these function spaces for chord arc domains, especially the 
theory of tent spaces due to Coifman, Meyer and Stein. These function spaces and their duals 
figure prominently in the theory of Hardy spaces and BMO spaces - the connection between them 
is established via Carleson measures. The development of the theory of tent spaces on chord arc 
domains is a purely geometric and independent aspect of this paper. 
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In [15], it was shown that a (vanishing) Carleson measure condition on perturbations of the 
Laplacian on CADs with vanishing constant preserves A^. In the last section of the paper we show 
that this result holds for perturbations from arbitrary elliptic divergence form operators on general 
CADs. 

2 Preliminaries 

In this section we recall some definitions and give the necessary background on properties of solu- 
tions to elliptic equations in divergence form. We will also introduce some notations which will be 
used throughout the paper. 

Definition 2.1. Let fi C R n . We say that Q is a chord arc domain (CAD) if Q, is an NTA set of 
locally finite perimeter whose boundary is Ahlfors regular, i.e. the surface measure to the boundary 
satisfies the following condition: there exists C > 1 so that for r £ (0, diam £1) and Q € dfl 

c -i r n-i < a (B(Q, r )) < Cr n ~ x . (2.1) 

Here B(Q,r) denotes the n- dimensional ball of radius r and center Q and a = T-L n ~ l l_ dQ and 
% n_1 denotes the n — 1-dimensional Hausdorff measure. The best constant C above is referred to 
as the Ahlfors regularity constant. 

Definition 2.2. Let C R", 5 > and R > 0. If D denotes Hausdorff measure and C{Q) denotes 
an n — 1-plane containing a point Q £ f2, set 

#(r)=sup inf r~ 1 D[dQnB(Q,r),JZnB(Q,r)} (2.2) 

We say that is a (5, R)-chord arc domain (CAD) if Q, is a set of locally finite perimeter such 
that 

sup 9{r) < 5 (2.3) 

0<r<_R 

and 

o-(B(Q, r)) < (1 + 5)co n . 1 r n ' 1 VQ € dtt and Vr € (0, R}. (2.4) 
Here uj n -\ is the volume of the (n — 1)- dimensional unit ball in R n_1 . 

Definition 2.3. Let Q C R n ; we say that Q is a chord arc domain with vanishing constant if it is 
a (5, R)-CAD for some 5 > and R > 0, 

lim sup 6(r) = (2.5) 
r- >-0 
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and 

lim sup = — = 1. (2.6) 

For the purpose of this paper we assume that £1 C M. n is a bounded domain. We consider elliptic 
operators L of the form 

Lu = dw(A(X)Vu) (2.7) 

defined in the domain f2 with symmetric coefficient matrix A{X) = (ajj(A)) and such that there 
are A, A > satisfying 

n 

m 2 < "iiWtej ^ A \z\ 2 (2.8) 

for all A G and f G IT. 

We say that a function u in Q is a solution to Lu = in provided that u G W^(Q) and for 
all G C c °°(0) 

/ (i(x)Vw, V0)dx = 0. 
Jn 

A domain is called regular for the operator L, if for every g G (7(50), the generalized solution 
of the classical Dirichlet problem with boundary data g is a function u G C(£l). Let 11 be a regular 
domain for L as above and g G C(d£l). The Riesz Representation Theorem ensures that there 
exists a family of regular Borel probability measures {w^jxeo such that 



u{X) = [ g(Q)du*(Q). 
Jan 



'an 

For le!], ui^ is called the L— elliptic measure of Q, with pole X. When no confusion arises, we 
will omit the reference to L and simply called it as the elliptic measure. 

To state our results we introduce the notion of perturbation of an operator. Consider two 
elliptic operators Li = div(^4jV ) for i = 0, 1 defined on a chord arc domain £1 C M n . We say that 
L\ is a perturbation of Lq if the deviation function 

a(X) = sup{|A!(y) - A (Y)\ : Y G B(X, 6{X)/2)} (2.9) 

where 5(X) is the distance of X to d£l, satisfies the following Carleson measure property: there 
exists a constant C > such that 

0<r<diamQ Qedfi I ^(.-D (Vj HJ J B(Q,r)nQ <H A J J 

Note that in this case Li = Lq on 30. For i = 0, 1 we denote by Gi(X, Y) the Green's function 
of L{ in Q with pole at A and by uif the corresponding elliptic measure. 



We now recall some of the results concerning the regularity of the elliptic measure of pertur- 
bation operators in Lipschitz domains. The results in the literature are more general than those 
quoted below. 

Theorem 2.4. [4] Let SI = B(0, 1). If Lq = A, a(X) is as in (2.9), 

hi ~ Q ^ = I mTn \\ f ^Y dx ) 1/2 ^ 

[a{B(Q,r)) J B{Qjr)nn 5{X) J 

and 

lim sup h(Q, r) = 0, 
r ->°|Q|=l 

then the elliptic kernel of L\, k = dooi J1 /da € B q {da) for all q > 1. 

In [9], R.Fefferman investigated an alternative to the smallness condition on h(Q,r) above, and 
considered a pointwise requirement on the quantity A(a)(Q). 

Theorem 2.5. [9] Let Vl = B(0, 1) and Lq = A. Let T(Q) denote a non-tangential cone with 
vertex Q S d£l and 

where a(X) is as in (2.9). If ||.A(a)||£,°° < C then uj G A^da). 

The main results in [4] and in [9] are proved using Dahlberg's idea of introducing a differential 
inequality for a family of elliptic measures. In [10], Fefferman, Kenig and Pipher presented a new 
direct proof of these results and we will show here that this proof extends beyond the class of 
Lipchitz domains. This requires a careful reworking of many of the technical steps in the [10] proof, 
and the development of the required new analytic tools for CADs. 

Theorem 2.6. [10] Let Q be a Lipschitz domain. Let L\ be such that (2.10) holds then lo\ E A OQ (da) 
whenever ojq € A^da). 

Theorem 2.7. [10] Let Q be a Lipschitz domain. Let ojq, oj\ denote the Lq— elliptic measure and 
the L\ — elliptic measure respectively in Q with pole € f2. There exists an £q > 0, depending on 
the ellipticity constants and the dimension, such that if 

su p I^at / fl2 w|i' II l 1/2 ^»' 

Acsn Lwo(A) y T(A) o z {X) J 
then oj\ € ^(wo)- Here T(A) = B(Q,r) n f2 is the Carleson region associated to the surface ball 
A(Q, r) = B(Q, r) D dSl, and Gq{X) = Go(0, X) denotes the Green's function for Lq in £1 with pole 

ato en. 
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In the recent paper [15], Theorem 2.6 was generalized to chord arc domains with small constant 
in the case Lq = A. More precisely, 

Theorem 2.8. [15] Let £1 be a chord arc domain. Let Lq = A and L\ be such that (2.10) holds. 
There exists 8{n) > such that if Q C M. n is a {5,R) — CAD with < 5 < 5(n) then uji G A OQ (da). 

The purpose of the present paper is to extend the result above to perturbation operators on 
"rough domains". In particular we will show the following result. 

Theorem 2.9. Let O be a chord arc domain. There exists an Eq > 0, depending also on the 
ellipticity constants and the dimension, such that if 

( — Iitt [ a\X)^ldxY /2 < e , (2.12) 



Acan \wo(A) Jt(a) 6 2 (X) 
then uj\ G ^(^o)- 

The various constants that will appear in the sequel may vary from formula to formula, although 
for simplicity we use the same letter (s). If we do not give any explicit dependence for a constant, 
we mean that it depends only on the usual parameters such as ellipticity constants, NTA constants, 
the Ahlfors regularity constant, the dimension and the NTA character of the domain. Moreover 
throughout the paper we shall use the notation a < b to mean that there is a constant c > such 
that a < cb. Similarly a ~ b means that a < 6 and b < a. 

Next we recall the main theorems we will use about the boundary behavior of L— elliptic func- 
tions in non-tangentially accessible (NTA) domains for uniformly elliptic divergence form operators 
L with bounded measurable coefficients. We refer the reader to [12] for the definitions and more 
details regarding elliptic operators of divergence form defined in NTA domains. 



Lemma 2.10. Let tt be an NTA domain, Q G dtt, < 2r < R, and X G Q\B(Q,2r). Then 

x u; x (B(Q,r)) 
" r^G(A(Q,r),X) 



where G(A(Q,r), X) is the L— Green function ofQ. with pole X, andco is the corresponding elliptic 
measure. 

Lemma 2.11. Let U be an NTA domain with constants M > 1 and R > 0, Q G dU, < 2r < R, 
and X G n\B(Q, 2Mr) . Then for s G [0, r] 

oj x (B(Q,2s)) < Coj x (B(Q,s)), 

where C only depends on the NTA constants ofVt. 



Lemma 2.12. Let fl be an NTA domain, and < Mr < R. Suppose that u,v vanish continuously 
on dCl n B(Q, Mr) for some Q G dfl, u, v > and Lu = Lv = in CI. Then there exists a constant 
C > 1 (only depending on the NTA constants) such that for all X G B(Q,r) n CI, 

l U (A(Q,r)) u{X) u(A(Q,r)) 
v(A(Q,r)) ~ v(X) ~ v(A(Q,r))- 

Lemma 2.13. Let [i £ A OQ (duj), G CI, and set 

1/2 

\Vu{X)\ 2 5{X) 2 ~ n dX) 

«W) 



S a («)(Q) 
where for Q € 5il 



f / |Vn(X)| 2 <5(X) 2 ~ n (ixV and N a (u)(Q) = sup{\u(X)\ : X G T a (Q)} 



r Q (Q) = {X G : \X - Q\ < (1 + a)5(X)} (2.13) 
T/ien «/ Lu = and < p < oo, 

\ 1 / 'P / r \ VP 

(5 Q («))Pd/x <C a J / (iV Q («))Pd/i . 



! / \Jan 



lan J yJan J 

If in addition u(0) = then 

\Vp / /• \Vp 

N a [u))"df. 

3 Nontangential behavior in CADs. 

In this section we study the space of functions defined on chord arc domains whose non-tangential 
maximal function is well behaved Our goal is to extend the theory of tent spaces developed by 
Coifman, Meyer and Stein [2] in the upper half space to chord arc domains. It will play a crucial 
role in the proof of Theorem 2.9. 

We first study the notion of global 7-density with respect to a set T C dCl for a doubling 
measure fi supported on dCl. In this paper /i will either be the elliptic measure of a divergence form 
operator defined on Q or the surface measure to dCl. Please note that in contrast with the classical 
case we do not restrict the definition to the case F closed. 

Definition 3.1. Let T C dfl, and let 7 G (0, 1). A point Q G dfl has global ^-density with respect 
to T for a doubling measure [i if for p G (0, diamfi) 

H(B(Q,p)U7) 



M(5(Q,p) 

Let J-* the set of points of global ^-density of T . 



>!■ (3.1) 
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Lemma 3.2. let Q be a CAD with surface measure a and let A(P, s) = B(P, s) flc?0 be the surface 
ball centered at P. Given a > there exists 7 G (0, 1) close to 1 and \q > such that if J- <Z dil 
and P G P* then for P G A(P, (2 + a)r) 

o-(A(Q,Pr)UT)>\ ((3r) n ~\ (3-2) 

where f3 = min{l, a}. 

Proof. Assume <r(A(Q, /3r)UF) < Ao^r)™" 1 . Since A(Q,/3r) C A(P, (2+a+/3)r) C A(P, (3+2a)r) 
and P G P* then 

7cr(A(P, (3 + 2o)r) < <r(A(P, (3 + 2a)r U J") (3.3) 
< a(A(P, (3 + 2a)r)\A(Q, /3r)) + a(A(Q, /3r)) 



< <r(A(P, (3 + 2a)r) 



1 ^ ft W-l i r<2\ 1 ft \n-l 



where C denotes the Ahlfors regularity constant. For Ao = 1/2C 4 , (3.3) implies that 7 < 1 ^ 

( 3+2a ) n ~ l ^ ^ wri ich is a contradiction if 7 is close enough to 1. □ 



Please note that so far we have not assumed that the set P is closed. The following proposition 
requires the set T to be closed. It holds for a general doubling measure supported on d£l but will 
only be applied to either surface measure or elliptic measure. 

Proposition 3.3. Let fi be a CAD, and let f/, be a doubling measure on d£l. Let T C dVt be a 
closed set. Then P* C T and 

f,{(P;r)<C^T c ). (3.4) 
Here the constant C depends on 7 and on the doubling constant of fi. 

Proof. Since T is closed it is clear that P* C T. Let O = P c and O* = (P*) c . If Q G O* by 
definition there exists a radius qq > such that 

fi(A(Q, 0Q )nP) 



fj,(A(Q,g Q )) 



< 7- 



By Besicovitch (see [7]) 

°*c(JU A (Qi'4) 

i=l j 

where A(Qj, gj) n A(Qj, gj) = for j ^ Z. Therefore 

ko*)<EE^ a (^>4)) 

i=l j 
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and 



£j>(A(Qj,e})) = ^^M(A(Qj-,4)n^) + M (A(Q5,4)no) 

i=l j i=l j 

< EE^( A (^'4))+^ A (^'4) no ) 

i=l j 

hence 

< C £ £ M(A(Qj, gj) nO)< C)z(O). (3.5) 

i=l j 

□ 

Definition 3.4. Xei 6e a CAD. We denote by M a linear space of Borel measurable functions F 
such that 

N = {F : ft -> K such that iV(F) G L^da)} 
w/iere N(F)(Q) = sup{\F(X)\ : X G T(Q)} and T(Q) = r x (Q) as denned m (j8.iSj. 
Remark 3.5. T/ie set AT with the norm given by \\F\\j\f = \\N (F)\\li (qq\ ^ s a Banach space. 

The following proposition shows that the definition of the space M above does not depend on 
the aperture of the cone used. 

Proposition 3.6. Let ft be a CAD. Let fi be a doubling measure supported on d£l. For Q G d£l let 

N a F(Q) = sup \F(X)\, 

X£Y a {Q) 

where T a {Q) is as defined in (2.13). Then given a, (3 > there exists a constant C depending on 
a, (3 and the doubling constant of /i such that for all A > 

H&X G dU : N a F(X) > A}) < CfJt({X G dtt : N p F{X) > A}). (3.6) 

Hence for 1 < p < oo 

j \N a F\ p dfi<C J \NpF\ p dfi (3.7) 

Proof. If a < P the inequality (3.6) is automatic thus we may assume that a > /3. To prove (3.6) we 
would like to apply Proposition 3.3. We claim that for 7 G (0, 1) close enough to 1 the set {X G d£l : 
N a F(X) > A} is contained in the complement of the set of points of global 7— density with respect 
to {X edn : NpF(X) > \} c . It is straightforward to show that the set {X G dO, : NpF{X) > A} 
is open, which ensures that Proposition 3.3 applied to T = {X G d£l : N»F(X) > A} c combined 
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with the previous claim yields (3.6). To prove the claim assume that N a F(Q) > A for Q € 90 
there exists Y G T a (Q) such that F(Y) > A and \Q - Y\ < (1 + a)5(Y). Now let Qy € 90 such 
that |y-Q y | = S(Y) then A(Q y , /3<5(y)) C {P G 90 : N p F(P) > A} n A(Q, (a + + 2)<5(F)). 
In fact, if P G A(Q Y ,/3(5(F)) then |P - y| < \P - Q Y \ + |Qy - Y\ < (1 + P)S(Y) and F(Y) > A. 
Therefore since [i is doubling 

M ({P : A^P(P) > A} n A(Q, (a + g + 2)£(y))) > /z(A(Qy, /^(Y))) 

M (A(Q, (a + (3 + 2)S(Y))) ~ M (A(Q, (a + /3 + 2)*(Y))) 

> /x(A(Qy,(2 + a + ^(y))) 
" M (A(Q,(a + /3 + 2)<S(Y))) 

> y{A(Q,(35(Y))) 

~ / u(A(Q,(a + /3 + 2)5(Y))) 

> Co, 

where C$ depends on a, /3 and the doubling constant of /i. Note that (3.8) shows that for Q € 90 
such that N a F(Q) > A, Q is not a global 7-density point with respect to {P G 90 : NpF(P) > A} 
whenever 7 € (1 — Co/2,1), which proves our claim. □ 

One of the goals of this section is to study the dual of the space M. To achieve this we still 
need to understand better the geometry of O and the structure of its boundary. To this effect we 
first prove a Whitney decomposition type lemma for open subset of 90. Then we define the "tent" 
over an open subset of 90. Finally we define Carleson measures on O. 

Lemma 3.7. Let F C 90 be a closed nonempty set on 90. There exist a family of balls {B^} 
with B>k = J3(Affc,rfc), £ 90 and constants 1 < c* < c** such that if Bt = c*B^ = B(Xk,c*rk), 
B* k * = c**B k then 

• B k n Bj = 0, for k ± j 

• U^ = F c n90 = o 

• B* k *nF^(D. 

In addition if we define 

Q fc = ^n(UQ,) c n(U^) c , 

j<k j>k 

then Bk C Qk C B* k , the Qk 's are disjoint and UfcLi Qk = O. 
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Proof. Consider < e < 1/6 and let d(X) = sup{d : B(X,d) n dQ C 0} for X 6 dQ. Let us 
choose a maximal disjoint subcollection of {B(X, ed(X))}xeo- F° r this countable subcollection 
{B k }f =1 , where £ fc := B(X k ,ed(X k )) and X fe G 90 we consider B* k = B(X k ,^^)) and B* k * = 
B(X k ,2d(X k )). Clearly i) and in) hold, moreover B k C O. To show that 

Oc[jB* k 

fc>l 

we take Y € O. By the selection of {B k } there exists k such that 

£?(Y, ed(y)) n B(X k ,ed(X k )) ± 0, (3.9) 

therefore \Y - X k \ < ed{Y) + ed{X k ). Moreover d(Y) < \X k -Y\ + d(X k ) which implies d(Y) < 
Y^d(X k ) and as a consequence \Y — X k \ < 3ed(X k ) < d ^ k ^ since e < 1/6. 

By construction B\ C Q\ C B*. Assume that for k > 2 and j < k — 1 Bj C Qj C and note 
that B k C (Uj>fc -^i) c U ^ k - By definition and using the hypothesis of induction we have for j < k 

Q) = (B*) c U ((J Qj) U ([J Bi) D ([J 5i) ^ 

i<j i>j i^j 

and f] j<k Q] D U;> fc A 3 which ensures that B k C Q k C B* k . 

It is clear that Ufe^=i Qfc c= Ua^=i B* k = O. For I £ O consider two cases. Either there exists 
j such that X G B(Xj,ed(Xj)) =: Bj C B*, X £ Qi for % < j, X g Bi for i j and therefore 
X 6 Qj. Or for all j, X £ Bj. In this case, there exists a feo such that X E Sjj! but X £ B k , for 
k < ko. Hence X ^ Q k with k < ko, which implies X G Q£ Q and O C |J fc Qfc. D 

To define the notion of "tent" over an open subset of <9f2 we first look at "fans" of cones over 
subsets on d£l. Let T C dfl for a > define 

R a {F) = (J r a (Q) (3.10) 

QeJ 7 

where T a (Q) is as define in (2.13). We denote R\{JF) by R{F). Given an open set O C dQ the 
tent over O is defined as 

T(0) = n\R(T). (3.11) 
Lemma 3.8. Let O be the open set defined by 

= {QedQ: N(F)(Q) > a}, 



12 



then 

T(0) C |J T(A(P,dist(P,O c ))). 
pgo 

Proof. Recall that T(A(Q,r)) = B(Q,r) n O. Let Y G T(O) then F £ P(P), hence NF(Q Y ) > a 
where by Qy G d£l we denote the boundary point satisfying \Y — Qy\ = 5(Y). Now if P G 
A(Q Y , S(Y)) then |P - Y \ < 2S(Y), Y G F(P), and since Y <£ R(T) then P £ T, thus P € O, i.e. 
A(Q y , <y(y)) c O which implies 5(Y) < dist(Q y , O c ). □ 

Definition 3.9. Let Q be a CAD. For a Borel measure \i on Q we define for Q G <9f2, 

C(M)(Q) = sup —3— A d/i 
QGA JT(A) 

and denote by 

C = {/i is Borel in Q : ||/i||c = sup C(fi)(Q) < 00} . 
C is £/ie collection of Carleson measures on O. 

Lemma 3.10. Assume that jjl is a positive measure on £1 such that \\fJ,\\c < 1 /j,(T(B)) < o~(B) 
for all balls B. Then, for every open set O C d£l 

M(r(0))) < Ca(0). 

Proof. As in the classical setting we appeal to the Whitney decomposition lemma 3.7. If the B k s 
are as in Lemma 3.7 then we claim that 

T{0) c(jT{B* k *). (3.12) 

k 

Thus 

m(t(o))) < £ ^(flT ))) < c £ ff ( fi D < £ * W*) < o-(o) 

where we have used the fact that cr is Ahlfors regular in fact the doubling properties of a are 
enough). To prove (3.12), consider a point Z G T(O) C Up e0 T(A(P,dist(F,O c ))), that is Z G 
T(A(P, dist(P, O c )) for some P G O, and there exists a fe such that P £ B* k and |P-X fc | < ^. Now 
if Y G O c is such that 4 = |Y - |Y - P| < |Y - X k \ + |X fe - Pj < ^t, dist(P, O c ) < ^ and 
|Z - Xjfel < |Z - P| + |P - X fc | < dist(P, O c ) + % < 24, that is Z G T(A(X k , 2d k )) = T(B**). □ 

We are now ready to study the relationship between the spaces Af and C. First we prove the 
analogue of Proposition 3 in [2]. 
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Proposition 3.11. Let Q be a CAD. If F € TV and \i e C then 

[ F(X)dn(X) < [ NF(Q)C(fj,)(Q)da. (3.13) 
Jn Jan 

Proof. Assume that F > and consider the open set O = {P € <9f2 : NF(P) > a}. Using the 
notation in Lemma 3.7 and the fact that a is Ahlfors regular we have for X € Qk 



li{T{B*C)) < C(fj,)(X)a(B* k *) < C(n){X)a{B k ) < / C^)(X)da. 
By Lemma 3.10 and the fact that the Qfc's are disjoint we have that 

H({\F{X)\ > a}) < *£ti(T(B* k *)) < C"E / C^)(X)da < C [ C(^)(X)da. 

V k J ®k J{NF(X)>a} 

Integrating over a and using Fubini yields (3.13). □ 

Corollary 3.12. Let fj, 6 C. Let F be a function defined on £1 be such that NF G L p (do~), for some 
p € (0, oo) fixed. Then, 

[ \F{X)\ p dfi<C [ \NF(Q)\ p C(fi){Q)da. (3.14) 
Jn Jan 

Proof. Inequality (3.14) follows from Proposition 3.11 if we replace |-F(X)| by |.F(X)| P . □ 

We now present a couple of integration lemmas. They provide control of boundary integrals in 
terms of solid integrals on CAD, via Fubini. In what follows the function A{X) is a non-negative 
measurable function in ft. In Section 4 , we will take A(X) to be be the square function. 

Lemma 3.13. Let fi be a CAD. Given a > if T C d£l and A is a non-negative measurable 
function in f2 then 

l(\ A(X)dX)da{Q) <C a f A(X)5(X) n ~ l dX , (3.15) 

where R a {F) is given by (3.10). 

Proof. By Fubini's Theorem 

A(X)dx]da(Q)= [ [ A(X)xr a (Q)(X)dXda(Q) = [ [ A{X) XTa{ Q){X)da(Q)dX. 

(3.16) 

If Xr a (Q)(X) = 1 then \X - Q\ < (1 + a)5{X) and if Q x G is such that \X-Q X \= 5(X) then 
\Qx - Q\ < \X - Q x \ + \X - Q\ < (2 + a)5(X), and 

J X r a (Q)(X)da(Q) < a(A(Q x ,(2 + a)S(X))) <C a 5{X) n ~\ (3.17) 
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T \Jr a (Q) 



Combining (3.17) and (3.16) we obtain 

f [ A(X)xr a{Q) (X)da(Q)dX < f f A(X)xr a (Q)(X) X A(Q x p + a)5(x))(Q)da(Q)dX 

Jn J T JQ.JT 



< [ A(X)( f XA(Q x , { 2 + a)8 { X))(Q)da(Q))dX 
jR a {T) \Jt J 

< C a [ A(X)5(X) n - 1 dX. 

jRn,(T) 



□ 



Lemma 3.14. Let f2 be a CAD. Given a > there exists 7 G (0, 1) close to 1 such that if T C dCl 
and A is a non-negative measurable function in then 

[ A(X)S(X) n - 1 dX,<C a f ( f A{X)dX)da{Q), (3.18) 

JR a (T*) JF\Jv fj (Q) J 

where (3 = min{l, a}. 

Proof. If Xr>(Q) (X) = 0then \X-Q\> (l + p)S(X), and \Q-Qx\ > PS{X). Hence Xr e (Q)(X) > 
XA(Q x ,i38(x)(Q)- Fubini's theorem yields 

( [ A(X)dXda(Q) = [ [ A(X) X r p (Q)(X)da(Q)dX (3.19) 
JtJv p {Q) JanJT 

> [ A(X) [ XA(Q x ,MX)(Q)do~(Q)dX 
Jn J t 

> 



A{X) / XA( Qx ,05(x)(Q)da(Q)dX. 
R a {T*) Jt 

Note that if X G R a {T*) there is P G (J 7 * such that X G T a (P) and Q x G A(P, (2 + a)<5(X)) then 
applying (3.2) in (3.3) we obtain 

[ [ A{X)dXda{Q) >C a [ A(X)5(X) n - 1 dX. (3.20) 

JT JTpiQ) J R a (T*) 

□ 

Corollary 3.15. Let Q be a CAD. Given a > there exists 7 G (0, 1) close to 1 such that if 
T C dQ and f is a measurable function in fi then 

f [ {^dXdo(Q)<C a f Q^l d X<C a [ [ l^dXda{Q). (3.21) 
Jt; Jv a (Q) o{X) n JR a (T;) o{X) J F J T[Q) b(X) n 

Proof. Combining Lemma 3.14 applied to J- and Lemma 3.13 applied to J 7 * with A(X) = 

we obtain (3.21). □ 
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4 Square functions in CADs 



Next we focus our attention on the tent spaces T p denned for chord arc domains, following the 
theory developed by Coifman, Meyer and Stein in [2]. Suppose that / is a measurable function 
defined on f2. For a > and Q G dCl, we define 

^ ,(/, ML/ m wf ■ (4 - 1) 

The square function of / is defined as A(f) = A^ l \f). By analogy with the space J\f defined in 
Section 3, we denote by T p for 1 < p < oo the space of all Borel measurable functions given by 

= {/ G L 2 (n) : A(f) G L p (a)}. (4.2) 

Remark 4.1. The space T p as defined above with the norm ||/||rp = ||-^(/)||lp(ct) * s a Banach 
space. 

We define operator C(f) : dO, — > M. by 

1 /2 

C(f)(Q) ■= ^p (-Lr [ f(X) 2 ^) (4.3) 
where A is a surface ball and T(A) is the tent over it. We also introduce the space 

r = {/a 2 (0):C(/)eL»}, (4.4) 
with the norm ||/||t°° = IIC^/)!!!/ 00 - 

Theorem 4.2. (a) Whenever g G T 1 and C(/) G L°°(a) then 

^\f(X)g(X)\-^<C\\C(f)\\ L ~\\g\\ Tl . 

(b) More precisely 

[ \f(X)g(X)\£L < C [ C(f)(Q)A{g){Q)da{Q). 

Proof. Without loss of generality we may assume that both / and g are non-negative. For any 
r > we define the truncated cone 

r r (Q) = {X G Q : \X - Q\ < 28(X), 8{X) < r} (4.5) 

and let 
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Note that A T (f) increases with r, is constant for r > diamfi and A oa (f) = A{f). Given / define 
the "stopping time" t(Q) which is given for Q G dVL by 

t(Q) = sup{r > : A T (f)(Q) < AC(/)(Q)} 

where A is a large constant to be determined later. A is only allowed to depend on n, the NTA 
constants and the Ahlfors regularity constant. 

Claim: There exists a constant Co > such that for every Qq G d£l and < r < diam f2 

a({Q G A(Q ,r) : r(Q) > r}) > c a(A(Q ,r)). 



We assume that the previous claim holds and we prove that part (b) is satisfied by showing that 
for H > 

f H(X)S(X) n ~ 1 dX < Ci [If H{X)dx\da{Q) (4.6) 
Jn Jan I Jr r (.Q)(Q) J 

where C\ depends on cq and the Ahlfors constant. Applying Fubini's Theorem we obtain 

f [ H(X)dXda(Q) = [ [ H{X) XT r {Q){Q) {X)da{Q)dX. 

JdttJrT(Q)(Q) JnJan y ' 

Note that if Q G A(Q X ,S(X)) and 5(X) < t{Q) then \Q-X\<\Q- Q x \ + \Q X - X\ < 28(X) 

which implies that X G T t[ - q \Q) and Xr^Q)(Q)( x ) > XA(Q x ,S(X))n{r(Q)>5(X)}( x )- Therefore using 

the claim and the fact that a is Ahlfors regular we obtain 

f [ H(X) Xr r {Q){Q) (X)da(Q)dX > f f H(X)x A (Q x MX))nMQ)>8(X)}(Q)do-(Q)dX 
Jn Jan Jn Jan 

> f H(X)a({Q G A(Q X ,6(X)) : r(Q) > 5(X)})dX 
Jn 

> [ H(X)C a(B(Q x ,8(X)))dX 
Jn 

> Cf 1 f H(X)5(X) n ~ l dX. 

Jn 

To prove part (b) we take H(X) = f{X)g{X)5(Xy n in the inequality (4.6), 

/ f(X)g(X)^- <df ( f f(X)g(X)5(Xr n dx)da(Q) 
Jn d { x ) Jan\Jr^Q)(Q) J 

and then we use the Cauchy-Schwartz inequality in order to obtain 

! f(x) g (x)5(xy n dx < ( [ ll^ldx] 1 ' 2 { I ^.dx] 12 

Jtt(Q)(q) \Jtt(Q)(q) o{X) n J \Jr-r(Q)(Q) 5{X) n J 

therefore 

f f(X)g(X)^<C 1 [ A T{Q) (f)(Q)A T{Q) (g)(Q)da(Q). (4.7) 
Jn <H A J Jan 
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By the definition of t(Q), 

A T{Q) {f){Q)<KC{f)(Q) and A r(Q) {g){Q) < A{g){Q) 

hence 

jj {X)9{X) J^~) ~ ° j m c U){Q)A(g)(Q)do(Q) 
as required in part (b). In order to complete the proof, we need to prove the claim stated above. 

Proof of Claim: For Q G dfl consider A = A(Q , r) and A = A(Q , 3r). Note that UgeA Tr (Q) C 
T(A). Indeed, if X G T r (Q) for Q G A then |X - Q| < 25(X) and 5(X) < r, that is \X - Q \ < 
\Qo ~ Q\ + \Q ~ X\ < r + 25(X) < 3r which implies X G B(Q , 3r) n = T(A). Thus for Q G A 



< 



^XB(Q ,3r)(X)a(A(Q x ,36(X)))dX 



QS-dX. 



5(X) 

T(A) S(X) 
Since <r(A) < cer(A) for any Q G A 

-Lr [ A 2 (f)(Q)da(Q) < * [ _ Q^-dX <C 2 {f)(Q)C inf [C(F)(Q). 
o-(A) J A o-(A) Jt(A) (>{ x ) QeA 

If <r({Q G A : t{Q) > r}) < c a{B) then a{{Q G A : r(Q) < r}) > (1 - co)ff(A) and 

A 2 r (f)(Q)da(Q) > [ A 2 r (f)(Q)da(Q) > A 2 [ C 2 (f)(Q)da(Q) 

A JAn{T(Q)<r} JAn{r(Q)<r} 

> A 2 inf C 2 (f)(Q)a(A n {r(Q) < r}) > A 2 (l - c ) inf C 2 (/)(Q)a(A) 

which would imply A 2 (l - c ) inf A C 2 {f){Q) < C" inf a C 2 {f)(Q) or A 2 (l - c ) < C" which is a 
contradiction if we take A large and cq = 3/4 fixed. This concludes the proof of the claim, thus 
that of Theorem 4.2. □ 

Remark 4.3. As in [2], Theorem 4-2 can be used to identify the dual ofT 1 with those F for which 
C(F) gL°°(ct). 

Remark 4.4. Note that if 1 < p,q < oo, are such that - + - = 1, / G T p , g G T q then using (4-7) 
and Holder's inequality we have that 



f f(X)g(X) 
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Similarly (b) in Theorem 4-2 ensures that 

J fi f { X* ) dX % HC(/)IMMIt*. (4.8) 

It will be proved in Theorem 6.1 that for 2 < p < oo A(f) € L p (a) if and only if C(f) € L p (a). 

As in [2], we prove that the definition of tent spaces is independent of the aperture of the cone 
used. The following proposition is also crucial for the forthcoming results in Section 7 (see in 
particular Remarks 7.3 and 7.2). 

Proposition 4.5. Using the notation in (4-1) we have that for < p < oo 

\\A^(f)\\ LP{a) *\\A(f)\\ LP{a) . (4.9) 

To prove Proposition 4.5 we assume that a > 1. We note that in this case A^ a \f) > A(f). We 
show that there exists a constant C(a,p) such that ||.A( a )(/)||£p < C(a,p)\\A(f)\\i jP . This proves 
(4.9) for a > 1. The case a < 1 is proved the same way reversing the roles of a and 1. The 
following lemma which is straightforward on Lipschitz domains requires a proof on a CAD. 

Lemma 4.6. For f £ T l and X > the set T = {Q € «90 : A^ a \f){Q) < X} is closed. 

Proof To prove that T c = {Q € dQ : A^ a \f){Q) > A} is open we show that give Q € <90 such 
that A( a \f)(Q) > X there exist rj > and e > such that if P € 50 with \P - Q\ < erj, then 

f Q£ iX > * 2 - 

Jr a (P)\B(P,rj) o{X) n 
Since A^ a \f){Q) > A there exists rj > so that 



Observe that 



«(Q)\s(0,t,) S(X) n 



,(P)\B(P,ij) <*PO n Jr a (Q)\B(Q,r,) $(X) 



nx) dx 

Wf dx 



D 



where D = (T a (Q) \ B(Q, 77) J A f r a (P) \ P(P, 17) 1 . If |X - Q| < (1 + a)5{X) and |Jf - Q\ > rj 
then <J(X) > jqL. If P € P(Q, er?) and X <£ F a {P) \ B(P, rj) then \X - Q\ > (1 + a)(l - e)$(X). 
Thus we need to study sets of the form 



V P = { X e n : \X - P\ > r) ; <5(X)(1 + a)(l - e) < \X - P| < (1 + a)S(X) } (4.10) 
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for P € B(Q, erf) and prove that they have small 'H n -measure. Note that for e < 1/2 

V P C V' e = fx e n : \X-Q\ > rj/2 ; 8(X)(1 + a)(l - e) 2 < \X - Q\ < (1 + a) 2 5(X) j . (4.11) 

Note that D C Vp U Vq C V. We show that given a > 0, and 5 > there exists /3 > such that 

H n ({X en-.\X -Q\>r]/2 ; 5(X)(1 + a - p) < \X - Q\ < (1 + a + P)6(X)}) < 5, (4.12) 

which ensures that given a > 0, and 5 > there exists e > such that T~L n (V^) < 5. Fix a > and 
take /? > small, such that a — (3 > a/2. Consider the set 

v - a n { |t - F| > ,A < < c n\BM, 

F[X) = \x-q\ — 1 is a non-positive Lipschitz function on Q\B(Q, rj/2). By the co-area formula we 
have 



o 



i \ f l + a-P If 

- ■n— 1 ji I II „, jnin— 1 



■H n (V) = I | / —xvdH* 1 - 1 )dt= I \ I —xvdU 11 - 1 I dt. (4.13) 

l + a + ,3 " 



Since 

r-0 



J [f -jpXn\B { Qv/2)dU n - 1 J dt < ?T(fi) < C(n) < OO, 



1 \yji-i(t) 

given a > there exists /3 > small, such that 



/7 " 1 ( / ■4xn\B(Q I ,/2)dW n ' 1 ) <** < 5- (4-14) 



Note that (4.11), (4.13) and (4.14) yield (4.12). 

Since / £ L 2 (0) given e' > there exists 5 > so that if (4.12) holds then 

/ B W fli2V / D /2Wtt< '" v 

thus 

Jr a (P)\B(P, v ) 8(X) n Jr a (Q)\B(Q,r,) H x ) n y 2 

Since A^ a \f)(Q) > A we can choose e' > so that 

(^)(/)(P)) 2 > f QfldX > A 2 . 

Jr„(P)\B(P,n) o{X) n 



2 



r] e 



,(P)\B(P,rj) 8(X) n 

□ 
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Proof of Proposition 4-5: We fix A > and let 

T = {Q G dU : A(f)(Q) < A}, O = T c = {Q G dtt : A(f)(Q) > A}. 

Since J 7 is a closed set J* C J (see Proposition 3.3). Let O* = (T*) c . Since a is Ahlfors regular 
it is doubling and (3.4) ensures that 

a({Qed^:A^{f){Q)>X}\ < af(J^)°} \ +a({Q G : A^(f)(Q) > X}\ 

< a{0*) + ^L ^(A(f)(Q)) 2 do-(Q) 

< Ca({Q G dn : A(f)(Q) > X}) + § f (A(f)(Q)) 2 da( 

V J W J{A(f)<\} 

Multiplying both sides by pX p_1 and integrating, we obtain 

roo roo 

p a({Q G dVL : A^ a \f) > A})A p_1 dA < Cp a({Q G d£l : A(f) > A})A p_1 dA (4.15) 
jo •/ o 

roo r 

+ +Cp / A p ~ 3 / (A(f)(Q)) 2 dadX. 

JO J{A{f)<X} 
If p < 1, Fubini's Theorem applied to the second term yields 



roo n roo r 

/ A^ 3 / (A(/)(Q)) 2 dadA = / / X { Af<x}{A{f){Q)fX^dadX (4.16) 

JO J{A(f)<\} JO JdQ 

r roo 

= / (Af(Q)) 2 / X p ~ 3 dXda 
Jon JAf(Q) 



C p [ {Af{Q)f{Af{Q)f- 2 da{Q). 

JdQ 



Thusforp<2\\A^f\\ p LP <C\\Af\\ p LP . 



For the case p > 2, if — + — = 1 observe that 

\\A^f\\ 2 p = snp\ [ {A^ff^da: ip G If (a), < 1 ^ (4.17) 

j/> wan 



Note that 

\2/p/n N 1/r 



<■><> 



(A^f) 2 ^da<( [ (A^f)A ( [ ifji 
\Jan J \Jan 
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Also if X € r a (Q) then \X - Q\ < (1 + a)5(X) and |Q - Q x \ < (2 + a)5(X) therefore 

(A^(f){Q))^(Q)da(Q) = [ [ f(X)-^-^(Q)da(Q) (4.18) 
an JdnJTciQ) 

f 2 (X) 

j^Yy;Xr a (Q)(X)xA(Q x ,(2+a)8(x)){Q)HQ)dXda 

\ f 2 (x) 

XA(Q x ,(2+a)5(X))(Q)^(Q)Xr a (Q)(X)da(Q) \ j^y^dX 

2 



an Jn 



^ I £w f m)MQ)dx 

Jtt 0{A)' 1 J A{Q x ,(2+a)5{X)) 
< Ca J Q M (2+a)8(X)1p(Qx)^^ydX 



where 



Let 



then 



S n 1 JA(P,s) 

^*(p) = su P -^ r / HQ)MQ) 

s>0 S n JA(P,s) 

M S (M^)(P) = -L /" _L_^ /" ^(Z)da(X)da(Q). 

s n 1 7a(p >s ) (ps) n Ja(q,pb) 

If /3 > 1 and Q G A(P, s) observe that A(P, (/3 - l)s) C A(Q, /3s) and 

M S (M^)(P) > -L /" _L_^ /" VPO^PO^MQ) 

* C (R^T f ^(X)da(X) 
> C p M {p _ 1)s i>. 

That is for (3 > 1 

M (/3 _ 1)s ^ < C p M s {M^) < C p M s r (4.19) 
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since Mp s ip < Cip*. Plugging (4.19) into (4.18) with s = 5(X), /3-l = 2 + awe obtain 
(A^(f)(Q))^(Q)da(Q) < C a [ M {2+a)s{x) ^(Qx)Q^dX 



5(X) 

^ C « f InS / r(Q)da(Q)dX 
Jq <>(X) n Ja(Q x ,S(X)) 



< C «f n f m J^Xa {Qx ,s(x)) (Q)Xr(Q) (XW (Q)da(Q)dX 

* Ca L(L^ dx ) riQ)MQ) 

< c a [ (Af)\QW(Q)MQ) 

Jan 

< C a \\Af\\l P \\r\\Lr < C a \\Af\\ 2 LP U\\ L r < C a \\Af\\ 2 LP 

where we have used the fact that if Q € A(Q X ,5(X)) then \X -Q\ < \Q-Q X \ + \X -Q x \ < 2S(X) 
and the fact that the maximal function of tp is bounded in L r {a). Taking the supremum over all tp 
yields that \\A^f\\ LP < C a \\Af\\ LP for 2 < p < oo. □ 

Definition 4.7. A T 1 atom is a function a(X) which is supported in T(A), A = B(Qo,r) n dfl 
for Qo S <9f2 and 

■>, x dX 1 . 
a 2 pO-— < —:. (4.20) 
T(A) <K^J cr(A) 

Observe that if a is supported in B(Qo,r) n then A(a) given by 

is supported in A(Qq, 3r). Indeed, if X 6 T(Q) and \Q — Qq\ > 3r then |X — Qo| > r which gives 
a(X) = thus A(a)(Q) = 0. Using (4.20) we estimate, 



A a (a)(Q)dff(Q) ° (X) 



on JanJr(Q) 
< 



dXda(Q) = J ^ Xr{Q) (X)^QdXdv(Q) 



5(X) 

a>(X) 

XA(Q X ,36(X)) W)XF(Q) ^ ) 

n J an 

ciim*x = c( m*x< 



XA(Q x ,3S(x))(Q)Xr(Q)(X)j^y I da(Q)dX 



, n 5(X) Jt(a) S(X) ~ a(A) 

which yields 

r / r \ V 2 / \ V 2 

/ J 4(a)(Q)dcj(Q) < / A 2 (a)(Q)da(Q) <r(A) 
Jan \Jan J V 
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where C n depends on the Ahlfors regularity constant. Thus, if a is a T 1 atom, then a G T 1 and 
\\a\\ T i = \\A(a)\\ L i < C n . 

We are now ready to prove the duality relation between T 1 and T°° (see (4.2) and (4.4)). 

Theorem 4.8. If G G (T 1 )* then there exists a g £ T°° such that for every f G T 1 

dX 



f{x)g{x) 



Proof. We first notice that Theorem 4.2 shows that every g € T°° induces an element in (T 1 )*. Let 
G € (T 1 )* and note that if K is a compact set in Q and / is supported in K with / G L 2 (K) then 



/ G T 1 . First we consider K = B(X , r) with dist(K, <9(7) > e . If X G T(Q) n B(X , r) then 

|Q-Qxol < |Q-X| + |X-X | + |X -Qxol < 25(X) + r + 5(X ) 

< 2\X -Q Xi) \ + r + 5(X ) <2\X -X \ + 2\X -Q Xo \ + r + 5(X ) 

< 3r + 35(X ) < 4r + 4S(X ) 

Thus 

/ A(f)(Q)da(Q) = [ ([ Qf±dx) 1/2 da{Q) 

Jan J an \Jr(Q)nB(x ,r) <K A J / 

< / (/ ^Y 2 MQ) 

■> A(Qx ,4r+«(x )) Vir(Q)nB(X ,r) <H A J y 



< e- Q nl2 {r + 8{X Q )T^(L / 2 (X)V 7 

\JB{X ,r) 



If iTC U^i B (^i>^) with B{Xi,ri) CC 0, dist(£(Xi, r<), 9SI) > r< > ±di&t(K,dn) = e K and 
fi < diami^ then <5(A*j) < diamET + dist(iiC, d^t) and 



/ A(f){Q)do{Q) <tY.(t 
Jan Jan ~[ V Jr 



f 2 (X) \ 1/2 



(Q)nB(x z ,n) S(X) 

m , „ \ 1/2 

^E^" 72 / f\x)dx) {n + siXi))*- 1 <CK\\f\\»m, 

i= i \JB(x % ,r t ) J 

therefore for / compactly supported 

|G(/)|<C||/|| T i<C^||/|| L2w . 

Thus G induces a bounded linear functional on L 2 (K) which can be represented by a qk G L 2 (K) . 
Taking an increasing family of such K which exhaust f2, gives us a function g G Lf oc (Q) and 

r J Y 

G(f) = jj(X)g(X)— (4.21) 
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whenever / € T 1 with compact support in Cl. 

Let a € T 1 be an atom supported on T(A) then 

\G(a)\ < \\G\\\\a\\ T i <C n 

For the atom 

( f 9 2 {X) W/2 

«m = 9XT(A)n{5(X)>r/m} ( / <5(X) ^ 



T(A)n{5(X)>r/m} 



where A = -B(Q, r) n <9f2, we have 



|G(a m )| = f-i- / ^L X Y ' < C n \\G\ 

\<T{1±) JT(A)n{S(X)>r/m} <H A J J 

and if m —¥ oo 

1 /• 9 2 (A') ^ 2 



which shows that C(g) € L°°. This representation of G (as in (4.21) can be extended to all of T 1 
since the subspace of the functions with compact support is dense in T . □ 

5 Duality of T p spaces 

The main purpose of the present section is study the dual spaces to T p spaces for 1 < p < oo. The 
main result is contained in the following theorem. 

Theorem 5.1. Let 1 < p < oo. The dual of T p is the space T q with - + - = 1. More precisely if 
G € (T p )* then there exists g € T q such that for every f £ T p 

G{f) = jj(X)g(X)^- ) and \\G\\ ~ \\g\\„. 

Proof. As in [2] we first study the case p = 2. Note that from Lemmas 3.13 and 3.14 there exists 
a constant C n such that 

Given g € T 2 the proof of Theorem 4.2 (see (4.7)) yields that the operator G defined by 

dX 



satisfies 



G(f) = f n f(x )9{ xy §{x) 

\G(f)\ <C f A(f)(Q)A(g)(Q)da(Q) < C||/|| T2 || 5 || T2 . (5.2) 
Jan 



'an 
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Thus G £ (T 2 )*. 

Consider T 2 with the norm induced by the inner product 

then (T 2 ,(,)) is a Hilbert space. Given G € (T 2 )* by the Riesz Representation Theorem there 
exists g £ (T 2 , ( , )) such that 



G(f) = [ f(X)g(X) 
Jn 

By (5.1) and (5.2) we have that 



dX 

s(xy 



Consider the case 1 < p < 2. Let G £ (T p )*. For / £ L 2 (f2) with compact support if CC f2,let 
S = {Q £ dSl : T(Q) n if / 0} and e K = dist(K,dQ) then |G(/)| < ||G||j|/|| rP and 

(5.3) 

Thus |G(/)| < Cx||//<5||t 2 - By the Riesz Representation Theorem there exists g which is locally 
in L 2 (f2) such that 

whenever / £ L 2 (S7) and has compact support in VL. Note that for every K CC O, / £ L 2 (Q) by 
Theorem 4.2 (b) 

jf>(X)dX < C K J J fxK){ fV X K)(X) dx {5A) 



< C K / A(/x^)(Q)C(/x^)(Q)da(Q) 

./an 

< Cfrf / AP(fx K )(Q)da(Q)) Y [ C*(f X K)(Q)MQ)) " (5-5) 

\Jan / Viafi / 

where 1/p + 1/g = 1. By the definition of C(Jxk) an d if 5k (Q) denotes the distance of Q to the 
set if, 

(2 \ l / 2 ( \ l / 2 

Jt(a) o(X) J \Jt(a) J 

and 

[ (C(f X K)(Q)) q dv(Q)<C K ( [ f(X)dxY . (5.6) 
Jan \jk J 
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Combining (5.4) and (5.6) we have for p > 1 

1/2 



J f 2 (X)dx\ <C(K,p)\\f X K\\Tv. 



Observe that the set {/ € T p : f is compactly supported in f2} is dense in T p . Indeed, let 
us choose an increasing family of compact sets {K n } which exhaust f2. For / € T p consider 
fm = fXK m G T p . Then 

\\fm-f\\Tv = \\A(f m -f)\\ LP{a) 

and 



where 



£ m (/)(Q) = / 



Note that < E m (f)(Q) < E m ^(f)(Q) < ... < £(/)(Q) = f T(Q) ($$dX. Since / G I* 
E m (f) — >• a.e. Q G 9fi and by the Dominated Convergence Theorem 

lim / E m (f)(Q)da(Q) = and lim ||A(/ m - = 0. 

m— yoo Jg n m— >oo 

We claim that for g as above there exists C > such that 

\\A(g K )\\ Lq <C'\\G\\ (5.7) 

where gx = 9Xk, and if is any compact subset of f2. The key point is that C is a constant 
independent of the choice of the set K. Note that this ensures that 

\\g\\ T i <C'\\G\\. (5.8) 

Let r denote the exponent dual to q/2, - + | = 1. Then, as in the proof of Proposition 4.5 (see 
(4-17)), 

\\A{g K )\\l q =sup j/ (A(<7x)(Q)) 2 V(Q)^(Q) : ^ > 0, V G ^'(^), < l) (5.9) 

As in the proof of Proposition 4.5 to obtain (see (4.18)) 

sup f (A{g K ){Q)fiP{Q)da{Q) < Csup f 9 l]^M z5{x) ^(Q x )dX = CsupG(^), (5.10) 

ib JdQ. ib JQ d ( A J ib 
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where h^(X) = gK(X)M 3S ( X )'4 , (Qx)- Note that 

M 3Si x)^(Qx) = ztft^zi I i>(Y)da(Y) < CM 6S(X) ^(Q) < CM^Q) 

{35{X)) n Ja(Q x ,35(X)) 

= ( _/ — dXj < M^Q)A(g K )(Q) (5.11) 

where Mtp denotes the maximal function of tp. 

Integrating (5.11), noting that ^ + | = 1 and applying Holder's inequality, we conclude that 

||^|| T P = (f (A(h^(Q)) p da(Q)) ^ (5.12) 
\Jdn J 

< 



(M^(Q)) r da(Q) / (A^)(Q))«dr(g) 



< \m\\ Lr \\A(g K )\\ Lq <U\\ L r\\A(g K )\\ Lq 
Since /i^ is compactly supported £ T p 

|G(fy)| < IIGIIII^Htp < ||G|| • |MMb*|b (5.13) 
Combining (5.10), (5.13) and (5.12) 

\\A(9k)\\l« = \\9k\\t* < C \\G\\ ■ \\9k\\t"- 

where C is independent of K. This proves (5.7) and (5.8). The density of compactly supported 
functions / in T p , ensures that G(f) = f Q f{X s ] ( 9 x p dX. Applying Hblder's inequality to (5.2) 
we conclude that ||G|| < H^llra- This combined with (5.8) guarantees that ||G|| ~ ||5||t9 ; which 
completes the proof in the case 1 < p < 2. 

To prove Theorem 5.1 for any p € (2,oo), it is enough to show that for 1 < p < 2, T p is 
reflexive. By the Eberlein-Smulyan Theorem (see [18]) it is enough to show that whenever f n £ T p , 
WfnWrp < 1 there exists a subsequence which converges weakly in T p . If {/„} 6 T p with ||/ n ||TP < lj 
we have 

(J f n (X)dx) < C K \ \U I \tp < C K 

therefore taking a compact exhaustion of Q we show that there exists a subsequence {f nj } such 
that f n . -± f in L 2 (K), for all K CC 0. Let G € (T p )* , by the proof above there exists g G T q , 
where | + | = 1 such that G(f) = J n ^^^-dX . Given e > there exists a compact set K such 
that \\A(g - gic)\\Ti = \\g - 9k\\ti < £ where g K = 9Xk- Note that 

G{f n] )-G{f ni ) = [ {fn >~J^ {X) g{X)dX 
Jn o{X) 

f (frij — fni)(X) . . f {f nj — frii)(X) u „ Uv 

= L w) 9K{x)iX+ L m ( "-» )(1)JX 
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Since f ni - / in L 2 (K) and g K (X)/5(X) G L 2 (K), 

(f f ni )(X) 



f [Jrij Jni)\X) . 

/ xtv\ gK{X)dX — >0 as z,j->oo. 

Jn S{X) 



Also by (4.7) 

(fn j -fn i )(X) 

6(X) 



(g-g K ){X)dX 



< 



A(f nj - f ni )(Q)A(g - g K )(Q)da(Q) 

dfl 



< \\f nj ~ fm\\Tp\\g -9k\\ti < 2e. 
Thus {G(f ni )} converges, which ensures that {f ni } converges weakly in T p . □ 

6 Relation between integrals on cones A and Carleson's function 

C 

In this section we study, as in [2], the relation between the functionals A and C. We show that if 
2<p<oothen|K/)|| iP ~||C(/)|| w . 

Theorem 6.1. a) If < p < oo then 

\\A(f)\\ LP <C p \\C(f)\\ LP . 

b) If 2 < p < oo then 

\\C(f)\\ LV <C p \\A(f)\\ LP . 

In the proof of Theorem 6.1 uses the following "good-A" inequality. 

Lemma 6.2. There exist a fixed aperture a > 1 and a constant C > so that for < 7 < 1 and 
< A < 00 

a({Q G dn : A(f){Q) > 2A; C(f){Q) < 7 A}) < C 7 V({Q G dtt : A^\f)(Q) > A}). (6.1) 

Proof. Let \jQ k be a Whitney decomposition of {A^ (f)(Q) > A} as in Lemma 3.7. For each 
k, there exists Y k G {A^ a \f){Q) < A} such that dist(Yfe, Qf.) < codiamQ^. Since a > 1 then 
A^(f) > A(f) and the set {A{f){Q) > 2A} is contained in the set )(Q) > A}. 

To prove (6.1) it enough to show that 

a({X G Q k : A(f)(X) > 2A; C(f)(X) < 7 A}) < crfa{Q k ). 
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The construction in Lemma 3.7 for {A^ a \f)(Q) < A} yields a family of balls {B k } such that 
B k = B(X k ,±d(X k )), B* = B(X k ,±d(X k )), B* k * = B(X k ,2d(X k )) and B k C Q k C B* for 
X k G {A^ a \f) > A} and d{X K ) = dist(X ir , {A^if) < A}). Nota that j^d{X k ) < diamQ fc < 
d(X k ) =: 2r k and that there exists Y k G {A^ a \f)(Q) < A} such that dist(Y fc , Q k ) < 4r k . If P G Q k 
then |P - Y k \ < 5d(X k ). Define f = f x + f 2 where 

/l(X)=/(X) X{ i(x)>r fc } 
/ 2 (X)=/(X) Xwx)<rfc} . 

Note that A(f) < A(f x ) + A(f 2 ). For P G Q fe , \P - Y k \ < 5r fc , where Y k G {A< a )(/)(Q) < A} and 

JT{P)n{&{X)>r k } o{X) Jr 6 (Y k )n{8(x)>r k } °{X) 

Thus for a > 6 and P G Q k we obtain 

A(/i)(P) 2 <^ Q )(/)(F fc ) 2 <A 2 . 

Thus for P G Q fe if A(f)(P) > 2A A(/i)(P) < A, and 2A < A(f)(P) < A{h){P)+A{f 2 ){P) which 
ensures that A(f 2 )(P) > A, i.e. {P G Q fc : A(/)(P) > 2A} C {P G Q k : A(f 2 )(P) > A}. By the 
definition 

Mh)(P) 2 = [ Q^dx. 

Jr(P)n{S(X)<r k } o{X) ■ 
Lemma 3.13 combined the the Ahlfors regularity of a yields 

[ {A(f 2 ){P)fda(P) < [ Q^dX < -g— [ Q^dX (6.2) 

a(B k ) J Bt a(B k ) J B ** 5{X) a(B k ) J B ** 5{X) 



< C inf (C(/)(P)) 2 . 



P6B* 



On the other hand if the set {X G Q k : A{f)(X) > 2A; C(f)(X) < 7A} is nonempty, there exists 
P G Q k C B* k such that A(f)(P ) > 2A and C(/)(P ) < 7A, thus (6.2) yields 



/ (A(/ 2 )(P)) 2 ^(P) < C 7 2 A 2 . 

B k) JBt 



a(B 

In this case, using the Ahlfors regularity of a 

a({P G Q k : A(f 2 ){P) > A}) < a({P G P£ : A(f 2 )(P) > \})C 7 2 a(B k ) < C 7 2 a(Q k ). 

Hence 

a({P G Q fc : Af(P) > 2A; C(/)(P) < 7 A}) < C 7 2 a(Q k ), 
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and since {Qk} is a disjoint cover of {A^^f) > A} 

a({Q € On : A(f) > 2A; C(f) < 7 A}) < J>({* G Q fc : > 2A; C(/) < 7 A}) 

k 

< ^C 7 2 a(Q fe ) < C 7 V({Q € 5ft : A&(J) > A}). 

□ 

Proof of Theorem 6.1. Note that Theorem 5.1 combined with (4.8) yield part a) for 1 < p < oo 
Note that Lemma 6.2 ensures that for a big enough 

a({A(f) > 2A}) < a({A(f) > 2A; C(f) < 7 A}) + a{{C{f) > 7 A}) 
< Cj 2 a({A {a Hf) > A}) + a({C(/) > 7 A}). 

Multiplying both sides by p\ p ~ l , integrating with respect to A and using Proposition 4.5 we obtain 

2 ~ p II^(/)IIlp < c l 2 \\ A{a) U)\\ P LP + c '7~ :p l|C(/)llLpC(Q,p) 7 2 p(/)j|^ + C^~ p \\C(f)\\ p LP . 
Choosing 7 > small enough so that C 7 2 C(ct,p)2 p < = we obtain 

\\A(f)\\L P <C\\C(f)\\ LP 

provided that < oo. If ||-A(/)||iP = oo the result is obtained by applying the previous 

argument to fxx where K is selected from an increasing family of compact subsets which exhausts 

n. 

To prove part b) of the Theorem, let A = A{Qq,t) and tA = A(Qo,tr) for t > 3. Note that 
X G T(A) then A(Q X ,5(X)) C tA, as in Lemma 3.14 xr(Q)(X) > XA(q x ,S(Q))(Q) thus 

L{Lwr dx Y iQ) = LLwfa™^™**™ (6 - 3) 

f 2 {x) 

XA(Q x ,8(x))(Q)XT(A)(X)dXda(Q) 



S(X) 

> J^j^a(A(Q x ,5(X))) XT{A) (X)dXda(Q) 



an Jn 
tit 



't(A) 8(X) 

(6.3) and the Ahlfors regularity of a ensure that 

i r nx), v ^ c f fAf ^ 



,dX<— (A(f)(Q)yda(Q) < -— / (A(f)(Q)Yda(Q). 
Jt{A) (>{X) a (A) J tA a{tA) J tA 
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Therefore (C(f)(Q)) 2 < CM(A(f)(Q)) 2 which for p > 1 ensures that 

C \ l/p / /• \ 1/p 

/ (C(/)(Q)) 2 ^a(Q) < C / (M(^(/) 2 (Q))f(Q)da(g) 

Jan / V-zen 

< c(7 (A(/)(Q)) 2 ^a(Q) 
\Jan 



□ 



7 Solvability of the Dirichlet problem in LP for perturbation op- 
erators on CADs 

In this section we study the following question: given a second order divergence form elliptic 
symmetric operator L\ which is a perturbation of an operator Lq for which the Dirichlet problem 
can be solved in LP what can be said about the solvability of the Dirichlet problem in L q for L\l 
As it was pointed out in the introduction this problem is well understood on Lipschitz domains. 
The goal of this section is to develop a similar theory for CADs. Given that we lack some of the 
tools available in the Lipschitz case rather than following Dahlberg's steps we turn our attention 
to [10]. Proposition 7.1 below justifies this approach. 

Assume that Lq and L\ are second order divergence form elliptic symmetric operators as in 
Section 2. Assume also that € fi and denote by Gq(Y) the Green's function of Lq in Q with pole 
0, and by ujq the corresponding elliptic measure. Let a be the deviation function defined in (2.9). 

Proposition 7.1. Let ft be a CAD and that assume ojq € B p (a) for some p > 1. Given e > there 
exists 5 > such that if 



1/2 



Acan I o-(A) Jx(A) 

then 

Acan I w (A) J T(A) 6 2 (X) J 
Proof. Let Ao = A(Qoj r o) an d iAo = A(Qo^ r o)- Using Lemma 3.14, Lemma 2.10, Fubini and 
the notation for truncated cones introduced in (4.5) we have 
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f a2{X) JT§ dX * f f Xn^(X)dXda{Q) (7.3) 



< 



< 



o»(D^j(D)) 



3A .Vo(Q)<W W" 1 
a 2 (X) 



7A ./r 



?(P) 5(xy 



: dXdu (P) 



< / (A(f(P)) 2 du (P). 

J7A 



Since S B p (da) for some p > 1, if - + - = 1 and k = ^ then 



p g da 

\ 1/9 / r \ 1/P 



< (/^ (4?(«)(P)) 29 da(P)y ^(tAo) 



because 



/ Fd<r) ^ < CV(tA ) 1/p / fcdfj < Cu^A^Ao)" 179 . 

JtA / ./ tA 

Combining (7.3), (7.4) and Lemma 2.11 we obtain 



an JanJr 5 {Q) 

8(X) 
a 2 (X) 



< 



anJn " 



^o(A ) Jt(a ) 

/ \ 1/9 

We estimate ( f 7Ao (4o ) (a)(P)) 29 da(P) j by duality. Let g G L p (cr) with | + ± = 1 and 5 
supported on 7Ao- Without lot of generality we may assume that g > 0. 

(Aif(a)(P)fg(P)da(P) = [ [ ^lx m <r }(X)X7A (QMQ) dX da(Q) (7.6) 

5 ( X ^nMHX)<r a }(X)XT(13A )(X)XA(Q x ,78(X)){Q)g{Q) dX da{Q) 

5{X) n \ 
t 

/r(13A ) 0{X) \Ja(Q x ,78(X)) 

Letting F(X) = X{S(X)<r }{ x ) /a(Q x ,75(X)) 9 (Q) da{Q) and applying Proposition 3.11 to the last 
term in (7.6) we obtain 

{Af){a){P)fg{P)da{P) <C [ NF(Q)cd X T(i3A ))(Q) MQ), (7-7) 
an Jon 
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< / ^)<r D }W77^ 9(Q) MQ) dX 

< cf X{S(X)<r }(X)^r (1 g(Q)da(Q)) dX. 

JT(13A n ) d[X) \Ja(Q x ,7S(X)) / 



where 

NF(Q)= sup \F(X)\= sup \F{X)\ < CM 9ro g(Q). (7.8) 
xer(Q) xer r o(Q) 

Here Mg ro g denotes the truncated maximal function of g, i.e. Mg ro g(Q) = sup 0<r .<9 ro /a(q r) M 

Note that if |Q-Q | > 10r and X 6 r r °(Q) then \Q-Qx\> 7r and NF(Q) = 0. Moreover (7.1) 

yields C(^xt(13A ))(<2) < ^ 6 - This combined with (7.7), (7.8), Holder's inequality, the 

fact that a is Ahlfors regular and the maximal function theorem ensures that 

[ (Aif(a)(P)) 2 g(P)da(P) < C5 [ NF(Q) da(Q) (7.9) 

< CS [ M 9ro g(Q) da(Q) 

JlOAo 

< Cs([ (M 9ro g(Q))P da(Q)) ^ ailOAo) 1 ^ 

\J10A / 
1/p 

a/? 



< Cs(f g(Q) p da(Q)) %(7A ) 



which implies 



(J^ {A^{a){P))^da{P)j lq < CS. (7.10) 
Note that (7.10) combined with (7.5) yields (7.2) provided CS < e. □ 

In this section we need to consider variants of the non-tangential maximal function of u. Define 
for a € (0, 1) and rj > 

/ \ 1/2 

N%F(Q)= sup f F\Z)dz\ . (7.11) 



X&r,{Q) \JB(X,aS(X)/8) 

For simplicity iV^F = N a F, N?F = N^F and N\F = NF. Recall that N V F(Q) = sup Xerv[Q) \F(X)\. 

Remark 7.2. Let \x be a doubling measure on d$l then forp > 1, a,/3& (0, 1) and rj > 

\\N a F\\ LPW ~ ||iV^F|| L p (M) ~ ||iV^|| iP(M) . 

Proof. Note that Proposition 3.6 ensures that for 1 < p < oo, HiVa-F^p^) ~ HA^FH^i,^). Moreover 
for a > /3, NpF(Q) < (a//3) n N a F(Q) thus it is enough to show HA^FH^) < C\\NpF\\ LP(fi y We 
claim that for 7 = (2 + f )(1 - f )~ l - 1 

N a F{Q) < C n ^NjF{Q\ (7.12) 
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which yields the desired inequality. Note that 



/ F\Z)dZ = / F\Z)dZ 

Jb{x,% 



s(xy- j B (x,fs(x)) 

Cry f t-,') , ^\ ,^ . Cn 



I s F ^ Z)dZ + ^f s F ^ Z)dZ - 

JB(X,§5(X))\B(X,£-8(X)) o{X) Jb(x£s(X)) 



5{X) n J B{X,f6(X))\B(X,§8(X)) 5(X) n J B (X,§S(X)) 

Covering the region B(X, %6(X))\B(X, f S(X)) by balls B t = B(Y h r) with radius r = (1-f 

and Yi G B(X, jd(X))\B(X, ^5(X)), and noting that the number of such balls only depends on 

a, (3, n we have 

/ F\Z)dZ<C'A-±-Y.l F 2 (Z)dZ+i F 2 (Z)dz). (7.13) 

Jb(X&5(X)) \0{X) n ^ J B . Jb(X,§6(X)) J 

If X G T(Q) and F G B(X, %S(X)) then (1 - § )5(X) < 5(Y) < (1 + f and F G T 7 (Q). 

Hence 

i F 2 {Z)dZ<C sup / F 2 (Z)dZ<C sup / F 2 (Z) dZ = F (Q) , (7.14) 

yer 7 (Q) JB(y,r) ^er 7 (Q) Jb(y,§s(y)) 

which combined with (7.13) yields (7.12). □ 

Remark 7.3. Assume that L^u = for i = or i = 1. Then \\Nu\\lp^u) ~ ||-/Vii||£p( CT ) for 
I < p < oo. 

Proof. Since Nu(Q) < CN 10 / 7 u(Q), Proposition 3.6 ensures that HiVitH^p^) < C f ||JVn||ip( a -'\. Since 
u is a solution for Li then u 2 is a subsolution for Lj and Lemma 1.1.8 of [12] guarantees that 

u 2 (X) < sup u 2 (Y) < Cf u 2 {Z)dZ. 

B(X,^£1) J B(x,*i§l) 

Hence Nu(Q) < CNu(Q) and \\Nu\\ L p {cr) < C\\Nu\\ LP{cr) follows. □ 

We still need a few preliminaries before we can get to the proof of Theorem 2.9. Recall that 
by assumption G ft. Let R$ = ^rr min{<5(0), 1}. The following calculation shows that we may 
assume that a(X) = for all X G fl such that S(X) > 4:Rq. Cover the boundary dfl by balls 
{B(Q i ,R /2)}fi 1 such that Qi G dfl and \Qi - Qj\ > ^ for i / j. Note that M depends only 
on n, i?o and diamfi. Let {<fi}ff-i be a partition of unity associated with this covering satisfying 
< tpi < 1, spt</?j C B(Qi,2Ro), cpi = 1 on B(Qi,Ro) and |Vy>i| < A/Rq. Define 



otherwise. 
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Note that for X G (50, \R Q ) := {Y G IR n : 3Q y G 50 with |Qy - F| = 5(Y) < R /2} there 
exists Q x G 30 with |Qx - X\ < R /2 and i G {1,...,M} such that |Qx - Qi\ < -RoA thus 
X G B(Qi, R ) and ^(X) = 1 therefore Y^Li ^j( x ) = 1 - If x G Rn \ W 2 ^o) then <^(X) = 



and X^?=i V'iPO = 0- Consider the matrix 



A'(X) = (f>,(X)Wx) + (l - f>(X)Wx) (7.15) 
Vj=i / V j= i / 

and the corresponding operator L' = div^'V. Note that A' is symmetric and L' is an elliptic second 

order divergence form operator with bounded coefficients in O. Denote by a' the deviation function 

a'(X)= sup \A'(Y)-A (Y)\ 

B(X,S(X)/2) 

Lemma 7.4. Let A' be as in (7.15) then a'(X) = for X GO, with 5(X) > 4i? . 

Proo/. For X G with S(X) > 4P , if Y G B(X,8{X)/2) then 5(F) > ^ > 2P , A'(Y") = A) 
and a'(X) =0. □ 

Lemma 7.5. denotes the elliptic measure associated to V with pole at 0, then u)\ G B p (ujq) 

if and only if u) 1 G B p (ojq). 

Proof Let G' be the Green's function for L' in O. Note that for X G (50, ^), A'(X) = A X (X). 

For r < i?o/4 and Q G (90 the comparison principle for NTA domains yields that for i = 0, 1 

Gi(0,A(Q,r)) ^(A(Q,r)) ^ G'(0,A(Q,r)) u'(A(Q,r)) 

__ , and . (7.i 6 ) 



Moreover 

Gi(0, A(Q,r)) 
G'(0,A(Q,r)) 

Combining (7.16) and (7.17) we have 



(7.17) 



Gx(0,A(Q,r)) Wl (A(Q,r)) Gi(0,^(Q,r)) m(A(Q,r)) 

and — — — — — — ~ — — ~ 1 V'-loj 



G (0,A(Q,r)) u> (A(Q,r)) G'(0,A(Q,r)) w'(A(Q,r)) 

which yields for every Q G 50 and for every r < Rq/2 

u/(A(Q,r)) wi(A(Q,r)) 



(7.19) 



wo(A(Q,r)) wo(A(Q,r)) 
with constants that only depend on the NTA constants of O. Letting r tend to we obtain that 
for every Q G 50 

^ ~ ^ (<3) - (7 - 20 » 

□ 
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Lemma 7.6. Assume that 



Go(Y) 



1/2 



Acdn Lwo(A) Jt(A) o(Yy J 
u;ii/i a(Y") = /or 7 £ !J and <5(V) > 4i?o where Ro = -^u min{<5(0), 1}. Then there exists C > 
suc/i i/iai /or led lozf/i > 5i?o 

1/2 



SU P i -xT^T / , . Q ( y ) avV ^ !> ^ ^o- (7-22) 



AcauW(A)J T{A) a [Y) S(Y) 
Here C depends on NTA constants ofVl, the NTA character of £1 its diameter and Rq. 



Proof. If A = A(Q,r) with r < 9/2Rq and 5(X) > 5i?o then for Y € T(A) by the comparison 
principle and (7.16) we have 

G (X,Y) G (X,A(Q,r)) u x (A(Q,r)) 



G (Y) G (A(Q,r)) u (A(Q,r)) 

hence 



(7.23) 



« 2 (^)^^ L *0O%£*r. (7-24) 



^(A)ir(A) v ' S(Y) 2 MA)Jt(A) v 'S(Y) 

If r > 9/2i? then 



w o f ( A ) ^T(A) #00 2 <^(A) JT(A)n(dn,m ) > ' s(Yy 

Covering <90 by balls {B(Q,R /2)}fi 1 , if A, = B(Q l ,9/2R ) D dtt we have, using (7.24), that 

-J— ( a*(Y) Go{X > Y) dY < — L_ V / a 2 m ^ d7 (7 25) 

^(A)/ T(AW4fl0) a(y) 5(F) a dy -^(A)^/ T(A , a(y) 8(Y? dY (7 - 25) 

because wo, are doubling, oj x (A) ~ Cw x (Aj) and by (7.23). □ 

The last preliminary concerns the existence of a family of dyadic cubes in <90 whose "projec- 
tions'" in O provide a good covering of D (<90,4i?o)> with Rq as above. Since is a CAD in W 1 , 
both a = T-C 1 ^ 1 L 90 and loq are doubling measures and therefore (dQ, \ \,o~) and (dQ, \ \,<jJq) are 
spaces of homogeneous type. Here | | denotes the Euclidean distance in R n . M. Christ's construc- 
tion (see [1]) ensures that there exists a family of dyadic cubes {Q& C 50 :lc£Z,ae 4cN 
such that for every k € Z 

o-(<9O\UQ^) = 0, u; (dO\|jQ") = 0. (7.26) 
Furthermore the following properties are satisfied: 
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1. If I > k then either Q l p C Q k or Q l fj nQ k a = 0. 

2. For each (k, a) and each / < k there is a unique /3 so that Q\ C Qjg. 

3. There exists a constant Co > such that diamC; a < Co8~ k . 

4. Each Q k a contains a ball B{Z k ,8^ k ~ 1 ). 

The fact that P^S^ 1 ) C Q k a implies that diamQ^ > 8 _fc_1 . The Ahlfors regularity 
property of a combined with properties 3 and 4 ensure that there exists C\ > 1 such that 

^-Ig-fetn-l) < a (Qk) < C l8 -fc(n-l). (7.27) 
In addition the doubling property of ojq yields 

cooiBiZ^S^ 1 )) ~ wo(Q*). (7.28) 

For A; G Z and a £ 4 we define 

4 = {yefi: A8- fc ^ < <5(F) < A8- fe+1 , BP G so that AS^ 1 < |P- Y\ < A8~ fc+1 }, (7.29) 
where A > is chosen so that for each k, the {/^} ae / fc 's have finite overlaps and 

nn(dn,ARo)c (j i k . (7.30) 

a,k<ko 

Here k is chosen so that 4P < X8' k ~ l ; i.e k = [ logA 7^°| 32R ° ] + 1. To see that such a A > can 
be found, note that if I k n Ip ^ there exist Y G I k n I k , P a E Q k a and Pp G Q k so that 

AS - ^ 1 < 5(Y), \P a - Y\, \P p -Y\< X8~ k+1 . 

Thus \P a -Pp\< 2A8~ fc+1 and for P G Qj, 

| P a - P| < |Pa - Pp\ + |P/j - P| < 26{Y) + diamQj 

< 2A8~ fc+1 + C 8~ k < 8~ fe (16A + C ). (7.31) 

Thus (7.31) yields that given J*, if Q*j is such that n7$ ^ then C P(P Q , 8~ fc (!6A + C )) for 
some P a G C/ Q . Since {Q k }p € j k is a disjoint collection, (7. 27) yields that the number N of cubes Q k 
so that 7* n Jj 7^ satisfies JVC-^-*^ -1 ) < ^"^""^(leA + Co)™" 1 , i.e. iV < C 2 (16A + C ) n_1 - 
To show that the 7^'s cover (<9O,4P ) let Y G (0fi,4Ro), 5(F) < 4P < £g min{5(0), 1} by 
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choosing A > | max{<5(0), 1} + 1 + 64Co we have that 5(Y) < -|. Thus there exists k > 2 so 
that AS"^ 1 < 6{Y) < \8~ k+1 and Q Y G dtt so that \Q Y -Y\ = 6(Y). Let p = ±min{<5(Y) - 
\8~ k -\ X8- k+1 - 6{Y)} > 0. Since a(dft \ \J aeIk Q k a ) = and a(A(Q Y ,po)) > C^p^ 1 > there 
exists a e Ik so that A(Q Y , po) <T\Q k x ^%. Let P a G A(Q Y ,p Q ) n Q k a then 

<5(y) - Po < \Qy ~Y\- \P a - Q Y \ < \P a -Y\< \P a -Q Y \ + \Q Y -Y\< Po + S(Y) (7.32) 

hence by the selection of po, 

S(Y) + X8~ k ~ 1 _ SOT) + A8- fc+1 

2 - I a I - 2 

Thus Y € I k provided that A is chosen as above. 

Next we proceed with the proof of Theorem 2.9 following the approach presented in [10]. Note 
that (2.12) implies that e(X) = Ai{X) - A (X) = on d£l, i.e. L = L x on dn. Thus L x is 
regarded as a perturbation of Lq. Hence as in [10] the strategy consists of regarding the solution 
to L\ with given boundary data as a perturbation of the solution to Lq with the same boundary 
data. We consider the Dirichlet problem 

L\U\ = in 

(7.33) 

ui | an = / G L 2 (u ). 
We need to show the following apriori estimate 

\\N( Ul )\\ L 2 {uJo) <\\f\\ LHu]o) (7.34) 

which is equivalent to the statement that oj\ G Bi (ojo)- Assume that / G C(d£l) and u\ is a solution 
of (7.33). Let uq satisfy 

LqUq = in Q, 
uq = f on dQ. 

then 

\\ N ( u o)\\mLo ) < II/IIl^o) 

since Nuq(Q) < CM LJ0 (f)(Q) and u\ is related to uo by the formula 

Ul (X) = u (X)+ [ G (X,Y)L oUl (Y)dY = u {X) + F(X). 
Jq 

Integration by parts shows that 

F(X)= [ G (X,Y)(L -L 1 )u 1 (Y)dY= [ V Y G (X,Y)s(Y)V Ul (Y)dY 
Jq Jq 
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(7.35) 



where e(Y) = A t {Y) - A (Y). 

As in [10], the proof of Theorem 2.9 follows from the two lemmas below (lemmas 7.7 and 7.8). 
We start with the analogue of Lemma 2.9 of [10]. 

Lemma 7.7. Let Q, be a CAD and assume that (2.12) holds. Then there exists C > 1 and M > 1 
such that for Qo £ d£l 

NF(Q ) < Ce M^{S M {u x )){Q ) (7.36) 



and 

iV 1/2 (<5|VF|)(Q ) < Ce 

Therefore 



(7.37) 



f NF(Q) 2 +N(5\VF\)(Q) 2 duo(Q) <Ce 2 [ S 2 Ul (Q)du (Q). (7.38) 
Jan Jan 

Here M Uo denotes the Hardy-Littlewood maximal function with respect to cjq, and S a (u) denotes 
the square function of u given by 

S 2 a {u)(Q) = [ \X7u(X)\ 2 5 2 - n dX. (7.39) 
Jr a (Q) 

Proof. The proof follows the same guidelines of Lemma 2.9 in [10]. We estimate each term sepa- 
rately. First we show that there exists M > 1 so that for Qo £ d£l 

iVF(Qo) < CeoM^SMiu^KQo). (7.40) 

Let X € r(Q ) and set B(X) = B(X,5(X)/A). We split the potential F into two pieces 

F(Z) = F l {Z) + F 2 (Z) (7.41) 

where 

F l {Z) = 

>B(X) 



F 1 (Z)= [ V Y G (Z,Y)e(Y)V Ul (Y)dY (7.42) 
Jb(x) 



and 



F 2 (Z)= f V Y G (Z,Y)e(Y)Vu 1 (Y)dY. (7.43) 
Jn\B(x) 



>n\B(x) 

To estimate NF(Q ) let X <G T(Q ) and note that 

JB(X,ttp-) 0{X) n J B ( X ^M1) J B (x,^p-) 

We look at each term on the right hand side separately. For Y E B(X), 5£^Q < <5(y) < 5(5 ^) , and 
either 5(X) < 8R or tfpf) > 8R . If J(X) > 8R then <5(Y) > 6^ thus e{Y) = 0. If 5{X) < 8R 
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then 5(Y) < WRq and \Y\ > 8Rq. In this case the Harnack principle ensures that Gq{X) ~ Gq(Y). 

Furthermore, since ujq is doubling, for Y € T*,/±{Qo) the relationship between the Green's function 

and the elliptic measure on NTA domains yields 

G (X) lj q (A{Q ,6{X)) lj (A(Q ,S(Y)) G q (Y) 
5(X) ~ J(X)"- 1 ~ 5{Y) n ~ l ~ <J(y) ' 1 ' 

Therefore for Yq G B(X) either e(Yo) = or for 5(X) < 8Rq in this case (7.44) and the doubling 
properties of ujq imply 

\ 1/2 

a 2 (Y)dY 



HY )\ 



< 



< 



< 



< 



< 



< 



< 



\ 1/2 

f a 2 (Y)dY) 
J B(X) J 



B(X) S(Y) 



^q Go (Y)^i^L 



1/2 



G (Y) «5«-i(X) 



1 



a 2 (Y) 



Go(Y) 



S(X) 



n-1 



1/2 



S(X)"~i J B(X) 5{Yf 

son 



u (A(Q ,5(X))) 



dY 



2 G (Y)dY\ 



1/2 



1 



a 2 (Y) 
/T(A(Q ,35(X))) son* 



1/2 



G (Y)dY 



a\Y) 



1/2 



G (Y)dY 



u (A(Q ,36(X))) J T{A{Qo , m x))) S(Y? 
Let G (Z,Y) be the Green's function for L in 25(X) = B(X,6(X)/2). Let 



i^(z,y) = Go(z,y)-G (z,y), f x {z) 



B(X) 



V Y G (Z, Y)e(Y)Vui(Y)dY 



and 



F 1 (Z) = F l {Z)-F 1 {Z). 



(7.45) 

(7.46) 
(7.47) 



L F 
F 



div[eVu lXB (X)} in 2J3(X) 
on 8(2B(X)). 



Using (7.45), as in [10], we have that 



VFtfdZ < C AqVFxVFxOZ = C I VF x eVuiXBdZ 

2B(X) J2B{X) 

'VFi\ 2 dZ + Cel / \VutfdZ. 



< 



B(X) 



B(X) 



(7.48) 



(7.49) 
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Combining Sobolev inequality and (7.49) we obtain 

f \F\\ 2 dZ <C5(X) 2 [ \VF x \ 2 dZ <Ce 2 p 8{X) 2 [ \V Ul \ 2 dZ. (7.50) 

J2B(X) J2B(X) Jb(X) 

Thus since for Z G B(X), 5{Z) ~ 5{X) (7.50) yields 



1/2 , r _ Nl/2 , r N l/2 

Fi| 2 dZ <C T iF^dZ) <Ce ( / |Vwi| 2 5(Z) 2 " n dZ 



/ \J B(X,^p-) \JB(X) 



(7.51) 



If X € r(Q ) and Z G B(JC) then Z G r 2 (Q ) and from (7.51) we conclude 

1/2 / , \ 1/2 

<c f I 

We now estimate F\ by writing 



(7 l^ipdzV 2 < c(7 |Fi| 2 dzY * < Ce S 2 ( Ul )(Q ). (7.52) 

Vi B(X,5£1) / \J B(X, 5 -^1) J 



That is 



F 1 = F 1 -F 1 = [ V Y K(Z,Y)eV Ul (Y)dY. (7.53) 
Jb(x) 

\Fi(Z)\ <e [ \V Y K(Z,Y)\\V Ul (Y)\dY. 
Jb{x) 

For fixed Z G B(X) we have that LqK(Z, Y) = in 2B(X). Apply Cauchy-Schwarz and Cac- 
ciopoli's inquality (to K) we obtain 

lA(Z)l £ Hi l^' 2 ^)^) 172 (/ B(x) |V-(n|w) V2 . ,,54) 

Since i^(Z, — ) > Harnack's inequality yields, 

1/2 



[l K(Z,Y) 2 dY] <c(l K{Z,Y)dy\ <cl 
\J §B(X) J \J §B(X) / y 



|z-y| 2 " n dy (7.55) 

§B(X) 



since G {Z,Y) < lz _y\ n --2 - Thus since for F G 5(X) ~ 5(F) combining (7.54) and (7.55) 

we have 

I A (*)|W) V2 < ^(7 (7 3 T^^) 2 ( [ \^MY)\ 2 dY V/2 

2B(X) ) 0{X) \J 2 B(X) \J §B(X) \ Z ~ Y \ J J \Jb(X) 



< Ce Q 5{X) l - n l 2 ( [ \V Ul {Y)\ 2 dY) 

V JB(X) J 

< ceJ f |v« 1 (y)| 2 <y(y) 2 - n dyV 

\Jb(x) J 



'B(X) 

< Ce S 2 ( Ul )(Q ). (7.56) 
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Combining (7.47), (7.52) and (7.56) we obtain 



1/2 

FiiZtfdZ) < Ce S 2 ( Ul )(Qo) 



(7.57) 



Next we give a pointwise estimate for F 2 (Z) when Z € B(X,5(X)/8). Note that in this case Z 
is away from the pole of the Green's function that appears as an integrand in the definition of F 2 . 
To estimate F 2 (Z) for Z € B(X,5(X)/8) we consider two cases: 5(X) < ARq and 5{X) > 4R . In 
the second case we use Lemma 7.6. 

Assume that 5(X) < ARo and let Qx G dQ be such that \X — Qx\ = S(X). Let Oo = 
niJB(Qx,^p-) and A = dnnB(Q x ,5(X)/2). For j > 1 define Qj = finB(Q Xl 2^^(X)) with 
j = 1, N and 2 U R < 2 N ~ 1 5(X) < 2 15 R . Let Rj = Q 2j \ 2i _ 2 , Aj = 90 n B(Q X , 2^ 1 5(X)) 
and A,- = A(Qx, 2i~ 1 5(X)) € fij-. We now follow the argument that appears in [10] using the 
dyadic surface cubes constructed by M. Christ and described above (see (7.26)) and their interior 
projections (see (7.29)). Note that O C {jQk c3Aa I k - In fact if Y € then 5(Y) < \Y - 



Qx\ < 



S(X) 



< 2R . As in the proof of (7.30) there exists k > 2 so that § < 8 k 5(Y) < 8A and 



-<5(Y)-A8- 



Q Y G dn with \Y -Q Y \ = 5(Y). For p = mm{- 
P a (£Q k a n A(Qy, po) and Y G /*. For any P 6 Q*, 



A8- fc+1 -5(y) 
2 



} there exists Qjj so that 



|P-Qx| < \P-P a \ + \Pa-QY\ + \QY-Y\ + \Y-Q X \ 



< diamQ^ + p + S(Y) + 



5(X) 



< C 8~ k + po + 6(Y) + 



«5(X) 



< fw + ^ + ^ 



(7.58) 



which implies that C 3Aq. We now estimate F 2 (Z) for Z € B(X,5(X)/8) as follows 



1^2(^)1 < 



v y G (^, r)e(y)v«i(y)dy 



+ E 

3=1 



Rjn(n\B(x)) 



V Y G (Z, Y)e{Y)V Ul {Y)dY 



(7.59) 



+ 



(f7\B(x))n(an,4fl )\B(Qx,2 15 i?o) 



VyG (z,y) £ (y)v«i(y) 



dy. 
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VyG (Z, Y)e{Y)Vui{Y)dY 

n 



We estimate each term separately. To estimate the first term we note that 

\nm = 

< [ \V Y Go(Z,Y)\\e(Y)\\V Ul (Y)\dY 
Jn 

< hm f \V Y G (Z,Y)\\e(Y)\\Vui(Y)\dY. (7.60) 

£-*-o+ Jn \(an,e) 

The goal is to estimate 

Fi(Z) = [ \V Y G (Z,Y)\\e(Y)\\V Ul (Y)\dY 
Jn \(dn,e) 

independently of e > 0. In particular 

F*{Z)< Yl *vp\e(Y)\( [ \V Y G (Z,Y)\ 2 dYy ( f \V Ul (Y)\ 2 dvY . (7.61) 

e<A8 -fc-1 

By Cacciopoli's inequality 

(/ ; IVvO„( Z ,r)|W)" 2 < ^(^ m*.*)?**) 1 * ("2) 

where = {Y G : 3Z G /*, |Z - Y\ < ^}. By the comparison principle for NTA domains, 
the Harnack principle and the doubling properties of oj z and ujq we have for Y G 1% 

G (Z,Y) G (Z,A ) u z (A 



G (Y) Go(A ) o; (A c 



(7.63) 



Thus for Y G I* with Q k a C 3A C 



G ° (Z ' y) <^- (7-64) 



G (Y) ~ a; (Ao 
Combining (7.61), (7.62), (7.63) and (7.64) we have that 

%<k E 



-k-1 



Note that for Y G i^, there exists Z G I* and P a G so that | < |Z - P Q | < A8, A8~ 
A8 -fe-3 < |y _ p a | < A8~ fc+1 + A8~ fc ~ 3 and <5(Z)(1 - 8^ 4 ) < 5(Y) < <5(Z)(1 + 8~ 4 ). That is 
\P a ~ Qy\ < \P a ~ Z\ + \Z -Y\ < A8~ fc+1 + 5(Z)8" 4 < <5(Z)(64 + 8" 4 ) < 655(Y"). Now using the 
doubling property of ujq we have 



^ ^(A(g y ^(r))) ^ ^(A(p ai< y ( y))) 
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Recall that there exists Z k G <9ft such that A(Z*, S"^ 1 ) cQjc A(Z*, 2Co8" fc ) (see the construc- 
tion of the Q*,) and |P a — Z*| < diam < Co8 _fc ~ S(Y). Again by the doubling property of uiq 
we have that (7.66) yields for Y G I k 



^o(A(Z^,8^- 1 )) MQ k a ) 

Go{Y) (dMQSP ( } 



and combining (7.65) with (7.67) we have 
Q"C3A 

fc+1 ^ logA-log e 

(7.68) 

To finish the estimate of P|(Z) for Z G B(X, 5(X)/8) we use a "stopping time" argument. For 
j G Z let M > 64(1 + C ) and 

= {Q G 3A : T eUl (Q) = ( f \V Ul (Y)\ 2 6(Y) 2 - n dY] ' > V}. 

\J(r u (Q)\B2s(Q))n{au,iRo) / 

We say that a surface cube Q k a in the dyadic grid belongs to Jj if 

MQt n o,-) > \^{Q k a ) and Wo (Qa n O i+1 ) < \^{Q k a ) (7.69) 
and it belongs to Jqo if 

u, (Q* n {T eUl (Q) = 0}) > \u Q {Q k a ). (7.70) 

Note that there exists < cq < 1 depending on the doubling constant of coq so that for Oj = 
{MuoixOj) > co}, if Ql G «/j then C Oj and 

^ (Q^no,\o J+ i)>^o(Q^. (7.71) 

In fact, for Q„ there exists Z^ G Q\ so that 

A(Z^,8" fc - 1 ) cQjc A(Z^,2C 8- fe ). (7.72) 
Moreover if Q k a G Jj for P G Q*, |Z* - P| < diamQ^ < C 8" fc thus 

A(Z*, 2C 8" fc ) C A(P, 3Co8~ fc ) C A(Z*, 4Q,8~ fc ) (7.73) 
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and by (7.72) and the doubling property of loq we have 

M fv VP) > h*(A(fi3C7o8- fc )nO J -) 



> 



wo(A(Z* 4C 8-*)) 

> 



uo(A(Z* 8-*-i)) 

isMsn^,. ,, 74) 



^o(Q 



We conclude that if <X G Jj then C Oj. Since Oj+i C Oj C Oj 

ooo(Q k a nOj\o j+1 ) = Wo (Q«no; +1 ) (7.75) 
= u (Qa) ~ u (Q k a n O j+1 ) > -w (Q*), 

which ensures that Q a C {Q G dfl : M*> (Xo.\o. +1 )(Q) > c o} = Uj. A weak type inequality for 
M Wo applied to {Xo 3 \o J+1 and XOj yields 

wo(t^) < Cw (O 3 - \ O j+1 ) < Cwo(Oj). (7.76) 

Note that for each e > T e iti(Q) is bounded. Thus for C 3Ao either T £ u\ = or there exists 
jo so that 

2 j0 ~ 1 < i T eUl (Q)doj (Q) < 2 j0 . 
J 

In the first case Q k a G Joo, in the second uo(Qa D Oj) < ^LOo(Qa) f° r J > Jo- Furthermore either 
there exists j < jo so that (7.69) is satisfied or for all I G Z, ^o(Q« H 0/) < 2^o(Qa) which implies 
that ujo{QI n {?>i(Q) = 0}) > |w(Q*). In this case Q k a G and 

Q*C{Q^O: M a)0 (x {Te u 1 =o})(<9) > c } = Uoo. 

As above a weak type inequality on the maximal function yields that wo(?7oo) < Cwo(Ooo) where 
Ooo = {Q G 5ft : T eUl (Q) = 0}. Note that if Q k a G u; (Q£ n O^) > ±LU (Q k a ). 

We now go back to our estimate of for Z € B(X, 5(X/8). Combining (7.68), Cauchy-Schwarz 
inequality, and letting k £ = logA g log£ — 1 we have 



j k<k s Qk e j : 

V (f Go<Y)" 2 (r) dY Y /2 ( ^Ml f Nui (Y)\*dY^ /2 
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E(E E /.^-) 1/2 (E E j^L^y 1 ' 2 



k<k E Qq€ Jcxj k<k e Qk eJo 



(7.77) 



Note that if Q*, € J, and n then either C or C Since C 

A(Z^,C 8 _fc ) by construction, then for Y G l£ there exists P e ^ so that A/8 < 8 fc |P - E| < 
8A and |Y - Z*| < Q)8~ fc + A8~ fc+1 thus Y G T(A(Z*, (C + 8A)8~ fc ))- Furthermore since 
A(ZQ,8 _fc_1 ) C Qq, wo is doubling, the I„'s have finite overlap and (7.75) we conclude that 

disjoint 

< 4 E "o(Q£)<e>o(0;). (7.78) 



disjoint 



Similarly we obtain 



E E / fc ^W^ dy ^ E "°(Q£)< 4-o(Ooo). (7.79) 

Qk disjoint 

To estimate the other term note that I* C r A /(P) for all P G and M > 64 + 8C . In fact 
if Y G 7* 5(E) > AS^" 1 and there is P' G Q k a so that \Y - P'\ < A8~ fe+1 , thus for P G 
|E - P| < A8- fc+1 + diamQ^ < A8~ fe+1 + C 8~ k < S(Y)(1 + M) and E G T M (P). So if C Q k , 
I k C Tjvf(P) for every P G and since the I k, s have finite overlap then denoting by = 
(T M (Q) \ B e (Q)) n (dn,4Ro) n {f < 8^(E) < 8A} we have using (7.75) 

E E ^1^^ E E ^i/jvu.^iw-"^ 
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s E E / iv^oni^Y) 2 -^ 

Q* disjoint Q'eJj 
k<k e 

$ E E w o(o 3 \o J+1 nQ^) / |Vm(y)| 2 5(y) 2 -w 



disjoint Q l eJj 
k<k E 



Z E E /- / |v Ul (y)| 2 5(y) 2 "W^ (g) 



Q* disjoint Q'gi. 



% E E/~ / |V^(F)| 2 <5(F) 2 -Wda;o(Q) 



2 k eJ . i Jo 3 \0 J+1 nQ*Jsl 

disjoint 

k<k £ 

< E i T sUi (Q) 2 cLj (Q) 



disjoint 

k<k E 



< 



T sUl (Qydoo (Q). (7.80) 

Oj\O j+1 



Note that if € Joo for fe < k e since i* C T M (-P) \ B e {P) then 

/ |Vn!| 2 5(y) 2 - n dy <r £ m(Q) 2 = o. 
Jin 

Combining this remark with (7.76), (7.77), (7.78) and (7.80) we conclude that for Z € B(X, S(X)/8) 

\n(Z)\ < -SrrE w o(°i) 1/2 ( /- T £ ni(Q) 2 do;o((5) X 
w (^o) , Wo,\o, + i 



< 



< 



< 



^x:2^ ( ,) i/2 -o(o,\o, +1 )" 2 

^yE*"»^) 1/2 "«^) 1/2 



J 



w (A 



E 2iw o(0;) 



~ — / ^(QJdwoCQ). (7.81) 
^o(Ao) 7a 

The last inequality comes from the fact that ^ 2 J ujo(Oj) = ^ 2 J wo(Oj\Oj+i) + 2- ? wo(Oj) which 
ensures that ^2 J u;o(Oj) = o S 2- ?w o(Oj\Oj + i). It is important to note that at each step the 
constants involved are independent of e > 0. Combining (7.60), (7.81) as well as the doubling 
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property of ojq we have that 

< Clim— ^ [ T eUl (Q)du (Q) 

< C^— f S M ( Ul )(Q)du (Q) 



wo(A ) 



A 



< Ce M U0 (S M (ui))(Q). (7.82) 

To estimate the second part of (7.59) recall that for j > 1, Rj = 02j\^2j-2 5 = A(Qx, 2^~ 1 5(X)), 
= B{Q x ,2i- l 5{X))C\VL and Aj = A(Q X , 2^ 1 5{X)) G Denote Rj = Rj\B(X). To estimate 

F° 2 {Z)= I V Y G (Z,Y)£(Y)V Ul (Y)dY (7.83) 

for Z G B(X,5{X)/8) divide i?,- as follows 

Rj = Rj n (dn, 2 2 i- 6 8{X)) U 22,- \ (dfl, 2 2 ^5{X)). (7.84) 

Let V,- = Rjn(dn, 2 2 i~ 6 5(X)) and JV,- = Rj\(dQ, 2 2 ^ 6 5{X)). Note that Vj C UQ* C 3A 23 \iA 2j _ 2 J a- 
In fact if Y E Vj then 2 2 ^-' i 5{X) < \Y-Q X \ < 2 2 i- 1 5(X), 6(Y) < 4i? and there exists k such that 
8- fc_1 A < 5(Y) < 8~ k+1 \ and Y £ I k for some a. For p = \ mm{5(Y) - A8- fe_1 , A8~ fc+1 - 5(Y)} 
there exists P £ Q^n A(Qy,po) such that 



\P - Qx\ >\Qx-Qy\-\P-Qy\>\Y -Q x \-\Y -Q y \-\P-Q 



y 



Q 2 2j-3 

> 2 2j ~ 3 5(X) -po- 6(Y) > 2 2 i- 3 5(X) - -5(Y) > (2 2j ~ 3 - 2 2j - 5 )5(X) > 5(X). 

2 3 

Following the same pattern of the proof above we have for Z G B(X,5(X)/8) 

[ \V Y G (Z,Y)\\e(Y)\\V Ul (Y)\dY < lim f \ V Y G (Z, Y)\ \e(Y)\ \V Ul (Y)\dY (7.85) 

JVj JVj\(dQ,e) 

and 

\ \V Y G (Z,Y)\\e(Y)\\V Ul \dY < £ (f ^Jv/^ ^if l^dr)^ . 

k<k £ 

(7.86) 

For Y G I^nVj and Z G B(X,S(X)/8), (7.64) and the vanishing properties of the Green's function 
at the boundary of an NTA domain yield 

<W.Y)< (st^)"o (A 21 ,Y)<2-^G (Y)^- y (7.87) 
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Moreover for Y G I* G (y) ~ M - M nL a l--2 as in (7.67). Thus combining (7.86), (7.87) and the 

^Q. 121 111 y a j 



remark above we have 



< 



/ |VyG (z,y)||e(y)||v«i|dy 

JVj\(an,£) 

2-. c (A 2 ,)VL <W 2 V(diamQ^- 2 AJ VUl1 dK 



Q^C3A 2j \iA 2 ,„ 2 2jJ V 7 " 

fc<fc e 

(7.88) 

A "stopping time" argument yields, as in (7.82) that 

\V Y Go(Z,Y)\\e(Y)\\V Ul (Y)\dY < Ce 2" 2ft Af Wo (5 A/ (ni))(Q). (7.89) 



To estimate the corresponding integral over Wj, cover Wj with balls B(Xji, 2 2 i~ s 5(X)) such that 
X jX G Wj and the B(X, 7 , 2 2 J- 10 5(X))'s are disjoint. Since X jX G W 3 - 2 2 ^ 6 5(X) < 5(X fl ) < 
2 2 i- 1 5(X), the Jfy = B{X jU 2 2 'J- & 5(X)ys are non-tangential balls and 

)2 \ 1/2 / f \ 1/2 

^ / 
,2f V \n„(7 V\2 \ V2 / /■ \ 1/2 



|VyG (Z,y)||e(F)||V^|dy < ^ s ^\ e ^\(f B ^P~ dY ) (f B \^i\ 2 dY 



For y G J3,- {J 2 2 ^ 7 <5(X) < <J(y) < 2 2 ^(X) and Z G B(X,6(X)/8) 

G (Z,Y) < C2^G (A 2j ,Y) < C2~ 2 ^-^\ (7.91) 

w (A 2 j) 

and for y G Bj-j, G (Y) < G (A 2 j). Thus combining this with (7.90) and (7.91) we obtain 

\V Y G {Z,Y)\\e{Y)\\V Ul \dY 

-C 2 ~ m W [ a2{Y)Go{Y) dYY /2 ( Y /2 (f \VuAH(Y?~-dY^ /2 

^ C M A 1 )^{J B3l 5(Y) 2 dY ) \{2^8{X)) 2 -n) U 3i |VUlU( } 



a 2 (y)G (y) \ 1/2 / /" ,aw^-» JV V /2 

<5(X) 2 / \A n 2i+i\n 2; ,- 2 )\(an,2%'-4 ( 5(x)) 



< C2- 2 ^' f 1 / a {Y)Go{Y) dY) ( [ \V Ul \ 2 5(Y) 2 -dY) 

(7.92) 

For y G (n 2j+ i \ 2i _ 2 ) \ (50, 2 2 -?'- 4 <5(X)) we have \Y - Q Q \ < \Y - Q x \ + \Q X - Q \ < 2 2 H{X) + 
\Q X - X\ + \X - Q | < 2 2 i5{X) + <5(X) + 2<5(X) < 2 4 5(y) + 2- 2 J+ 4 5(y) + 2~ 2 ^+ 5 5(Y) thus 
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\Y - Q \ < 645(y) and Y G r 64 (Q ), therefore for M > 64, (7.92) yields 

f \VYGo(Z,Y)MY)\\V Ul \dY <C2- 2 ^£oSm( Ui )(Q ). (7.93) 
Combining (7.82), (7.89) and (7.93) we have for 6(X) < 4P and Z G B(X,8(X/8)) 

[ V Y Go(Z,Y)e(Y)V Ul (Y)dY 

J(n\B(X))nB(Qx,2 15 R n ) 



< 



l(n\B(X))nB(Q x ,2^R ) 

N 



\V Y G (Z,Y)\\e(Y)\\V Ul \dY + Y, / \VYG (Z,Y)\\e(Y)\\Vui\dY 

f2o j=l ^ J 



N 

< Ce NL {S M {ui))(Qo) + Ce Q 2 ~ Wj m ^(Sm{ui)){Qo) 

< Ce Q Mu {S M {ui)){Q Q ) (7.94) 
To complete the estimate for F2(Z) with Z G B(X, 5(X)/8) it only remains to consider the integral 

f V Y Go(Z,Y)e{Y)V Ul (Y)dY. (7.95) 

J (n\B(X))n(dn,4Ro)\B{Qx ,2 15 Ro) 

Note that 

(n\B(X))n(dn,4R )\B(Q x ,2 15 R ) C |J i* 

QfcC^\A(Q x ,2i4ij ) 

Ify G (ft\P(X))n(dft,4P )\£(Qx,2 15 Po) then |F-Qx| > 2 15 7? and there are I* and P* G 
so that y G 7* 8/A < |P* - y|8 fe < 8A. Given Y' G /* note that |P* - y'| < diamQ^ + A8" fc+1 < 
C 8-* + A8- fe+1 < 8C 5{Y)/X + 64<5(y) < 655(y) < 2 10 R . Thus 7* C B(P*,2 l0 R ) n 0, and for 
y' G B{P£,2 10 R )nn we have |y'-Qx| > |y-Qx|-|y'-y| > |^-Qx| - l^-i^l - l^'-^al > 
2 15 P - A8~ fc+1 - 2 10 R > 2 15 7? - 2 10 P - 2 6 <5(y) > 2 14 7? - Moreover for P G Q*, |P - Qx| > 
l-P* - Qx| - |P - P*| > |y - Qx| - |y - f£| ~\P- Pa\ > 2 15 P - A8~ fc+1 - diamQ^ > 2 14 P - 
If Z G B{X,8{X)I%) and y G (0 \ P(X)) n (dft,4P ) \ B(Q X ,2 15 R ) then since <5(X) < 47? we 
have |Z - y| > \Y - Qx\ - \Qx - X\ - \X - Z\ > 2 15 R - 5(X) - 5(X)/8 > 2 U R . Similarly if 
y G B(P*, 2 10 P ) n we have \Z-Y\>\Y- Q x \ - \Qx - X\-\X - Z\> 2 13 R . We mimic the 
stopping time argument used when the integration over the region f^o was considered. The key point 
is that for Z G B(X,5(X)/8) the pole of the Green's function is far away from the 7^'s considered 
in the integration. Since dn\A(Q x , 2 14 P ) C A(Q , 2 13 7?o) andwo(Sn) < C i?0 a;o(A(P, 2 9 P )) 
for any P G dfl by the doubling properties of uo, estimate (7.64) becomes Go(Z,Y) < Cr Gq{Y) 
and (7.82) becomes 



/ 

■/(< 



\V Y G (Z,Y)\\e(Y)\\V Ul (Y)\ < Ce [ -Mui)(Q)dcJo 

Jdn\A(Qn,2 i:i Rn) 



(n\B(X))n(dClARo)\B(Q x ,2 15 Ro) Jdn\A(Q ,2 13 Ro) 
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< CeoM^SMfaXQo). (7.96) 

Combining (7.94) and (7.96) and noting that when S(X) > 8i?o the integration over On (<9r2,4i?o) 
is treated as that over Q or Sl\B(X) n (dQ, AR )\B (Q x , 2 15 R ) as the pole Z G B(X, ^) is very 
far from the I*'s we obtain that 

\F 2 (Z)\ < CeoM^SuiuiXQo), VZ e B(X, &■). (7.97) 

Hence (7.41), (7.57) and (7.97) ) yield for M large and fixed 

NF(Qo) = sup / F 2 (Z)dZ 

X€r(Q )JB(X,^l) 

< sup / F 2 (Z)dZ + sup / F|(Z)dZ 

<Ce M U0 (S M (ui))(Q ). (7.98) 



We now estimate the second term in Lemma 7.7. Fix Q$ € 90, X € r(Qo)> let B(X) 
Note that B(X, ^ 



5(X, ^). Note that B(X,^p-)c T 2 {Q ), then 



/ (5|VF|) 2 (Z)dZ<C5 2 (X)-l- / |VF| 2 (Z)dZ 



1 f 8 



<g A/y ;-! L (x) I \VF\ 2 (Z)dZdp. (7.99) 
The same argument as in [10] which only uses interior estimates yields 

N 2 /2 (5\VF\)(Q ) < CNF(Qo)N(5\VF\)(Q ) + e N(5\VF\)S 2 ( Ul )(Q ) + e Q N(F)(Q )S 2 ( Ul )(Q ). 

(7.100) 

Combining (7.100) with (7.36) and using the fact ab < %- + %■ we obtain (7.37). Integrating (7.37) 
and applying Remark 7.2 we obtain 

y N(5\VF\) 2 doj < C J N 1/2 (5\VF\) 2 dLo < Ce J (MLo S AI ( Ul )) 2 dojo + Ce J N(5\VF^ 2 m^ 
< Ce J (SMiu^fdujo + Ceo J N(5\VF\) 2 duj , 

which yields 

J N{5\VF\) 2 dLJv < Ce J S 2 M (u 1 )(Q)du . (7.102) 

Combining (7.102), the integration of (7.36) and the maximal function theorem we obtain (7.38) 
which concludes the proof of Lemma 7.7. □ 
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Lemma 7.8. Let Q be a CAD and assume that (2.12) holds. Then there exists C > 1 so that 

\\SF\\l HuJo) < C (||iV(<5|VF|)||| 2(£Jo) + \\NF\\l 2(u}o) + \\NF\\l 2(u}o) + ||/||£, (wo) ) (7.103) 
Proof. For s € [1, 2], let tl s = B(0, sR ) where R = then 

f S 2 F(Q)doj = [ [ 5{Zf~ n \VF(Z)\ 2 dZduQ+ [ [ 5(Z) 2 ~ n \VF(Z)\ 2 dZdoj 

Jan Jan Jr(Q)nn 3 Jan Jr(Q)\n s 

= [ [ 5(Zy n (5(Z)\VF(Z)\) 2 dZdu J o+ [ [ 5{Z) 2 - n \VF(Z)\ 2 x { z & nQ)}{Q)d^dZ 

Jan Jr(Q)nn« Jn\n., Jan 



< 



5(Zy n (5(Z)\VF(Z)\) 2 dZduj (Q) + [ \VF(Z)\ 2 5(Z) 2 ~ n oj (A(Q z ,35(Z)))dZ. 
an JT(Q)nQ s Jn\n s 

(7.104) 

Note that if G T 2 (Q) then B(0,sR ) C T 3 (Q) and if ^ T 2 {Q) then B(0,sR ) n T(Q) = 0. 
Thus 

f [ 5(Zy n {5(Z)\VF\) 2 dZd^ < [ f 5(Zy n {5(Z)\VF\) 2 x { o &2 {Q)}{Z)dZd^ 

< [ i _ (5(Z)|F(Z)|) 2 X{0er2(Q)} (Z)dZ^ 
Jan Jb(o,sr ) 



< [ N(5\VF(Z)\) 2 (Q)du (Q). (7.105) 
J an 



We now estimate the second term in (7.104). Since u>q(A(Qz, 2>5{Z)))5{Z) 2 n ~ Gq{Z) using the 
ellipticity of Lq we have 



/ 5(Z) 2 ~ n \VF(Z)\ 2 dZdu (Q) < [ \VF(Z)\ 2 G (Z)dZ 
Jn\n s Jn\n» 



< 



(A VF(Z),VF(Z))G (Z)dZ 

n\n s 



< [ div(A VF)F)G dZ - [ dw((A VF)FG dZ 

\ f L (F 2 )G dZ- [ (L F)FG dZ. (7.106) 
1 Jq\q„ Jn\n„ 



~ 2 

Integration by parts on the second term in (7.106) yields 

f (L F)(Z)F(Z)G (Z)dZ = - [ div(eV Ul )(FG )(Z)dZ 

V(FG )eV Ul dZ 

f 

n\n s Jn\n a 
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f G VFeV Ul dZ + / VG FeX7 Ul dZ. (7.107) 



since Go = on Oft and e = on dfl s (recall e(Y) = when S(Y) > ARo). We use the dyadic 

(diam Q*y 



decomposition of dQ to estimate each term. Recall that for 7 € ij, Gq(Y) ~ , ,. aJn ^°l_ 2 then 



given e > 



f \VF\G \e(Z)\\V Ul \dZ < V sup|e(Z)| / G |VF||Vui|dZ (7.108) 

To estimate |VF||Vui|dZ cover 7* by balls {-B(Xj, A8~ fc ~ 3 )}i<i<7v with Xi € J* such that 

at 

\Xi — Xi\ > A8 _fc ~ 3 /2. Here N is independent of k and the balls B(Xi, X8~ k ~ 3 ) have finite overlap 
(also independent of k). 

r N r 

/ |VF||Vui|dZ < V / |VF||V«i|dZ (7.109) 



< 



< 



N / \ V 2 / \ V 2 

Y\ [ \VF\ 2 dZ) [ \V Ul \ 2 dZ) 

~^ \J B(X z ,\8- k -3) J \JB(XiM- k - 3 ) J 

y([ \v Ul \ 2 ( [ \vf\ 2 cIy) dz] 1 

~ \JB(JCi,A8-*-») \J B(Z,\8- k - 2 ) J J 



< (diamQ^W/ |V Ul | 2 (7 (5(Y)\VF\) 2 dY) dz] 

< (diamQ*)^ (j2 I |V^i| 2 U {5(Y)\VF\) 2 dY\ dz] 

< LiamQ^r-^jV^p^^^lVFl) 2 ^ dZ^j 

Combining (7.108) and (7.109) we have 

[ \VF\GoHZ)\\V Ul \dZ (7.110) 

JQ\Q a \(dQ,e) 

sup|e(Z)MQ*) ( [ \V Ul \ 2 5(Z) 2 ~ n (j (5(Y)\VF\) 2 dv) dz) 



k<k, 



\ I/ 2 / / \ \ I/ 2 



< 



k<k, 
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Applying a stopping time argument similar to the one used in the proof of Lemma 7.7 to 
estimate Fq, to the function 

f £ {Q) = ( f \V Ul \ 2 5(Z) 2 - n (f 5 2 |VF| 2 ^| dz] 



.'r M (Q)\B 2e (Q) \J B(Z,S(Z)/8) 

and letting e tend to we obtain 

\ 1/2 

|VF|G |e||V«i| < e / (/ \V Ul \ 2 5(Z) 2 ~ n f 5 2 \VF\ 2 dZ) dw (Q) 



n\n s Jan \Jr M (Q) jb{z,s(z)/8) 



J (f \V Ul \ 2 5{Z) 2 - n i 
Jan \Jr M (Q) JB\ 

< e [ N M (5\X7F\)(Q)SM( Ul )(Q)du (Q). (7.111) 
Jan 

Now we turn our attention to the second term in (7.107). Applying Cacciopoli's (see (7.62)) we 
have 

1/2 / \ 1/2 



f \VG \\F\\e\\Vm\dZ < V sup |e| ( [ \VG \ 2 dz] ( f \Vm{Z)\ 2 F 2 {Z)dZ 

^ TK^W dy ) V2 (/j Vui(z)|2F2(z)(iZ 



(7.112) 



Once again a similar argument to the one that appears in the proof of Lemma 7.7 with a stopping 

1/2 



time argument applied to a truncation of I J r , Q *. | V«i | 2 <5(y) 2 n F(Y)dY\ yields the following 



estimate 

|VG ||F||e||V«i|dZ < e ' 

n\n s 



(\ 
[ \V Ul \ 2 6(Z) 2 - n F(Y)dY) doj (Q) 
Jr M (Q) J 

< e f S M ( Ul )(Q)N M F(Q)duj (Q). (7.113) 
Jao. 

Putting together (7.107), (7.111) and (7.113) we obtain 

/ L F ■ FG dZ < e [ N M (S\VF\)(Q)S M ( Ul )(Q)doj +e f N M F(Q)S M ( Ul )(Q)du . 
Jn\n s Jan Jan 

(7.114) 

To estimate the first term in (7.106) observe that 

I f G L (F 2 )dZ = \ [ div(G A VF 2 )dZ -If A VG VF 2 (Z)dZ 
1 Jn\n B 1 Jq\q s 1 Jn\n s 

f G A FVF ■ ~D 'da - \ f div {F 2 A VG )dZ 
f G A FVF -it da -\ f F 2 A VG -^da. (7.115) 
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Integrating over s € [1,2] we obtain 

1 r 2 

G L F 2 dZ 

0.\B(0,sRo) 



I [ \G \\A \\F\\VF\dads 

1 JdB(0,sRo) 



+\ ( [ „ F 2 \A \\VG \dads 

1 Jl JdB(0,sRo) 

= [ G \A \\F\\VF\dZ -I- [ F 2 \A \\VG \dZ. (7.116) 

J B(0,2R )\B(0,R ) 1 J B(0,2R )\B(0,R ) 

Looking at each term in (7.116) separately we have that 



f G \A \\F\\VF\dZ < V f G \F\\VF\dZ. (7.117) 

J b(o,2Ro)\b(o,r ) Ql ^ cm Ji*n(na\ni) 

Note that if i* n n 2 \fii + there is Y G so that A/8 < 8 k 5(Y) < 8A and \S(Y) - 5(0) \ < 
2R = 5(0)2~ 29 . Thus (1 + 2~ 29 )- 1 A/8 < 8 k 5(0) < (1 - 2~ 29 )- 1 8A. Since diamQ^ ~ 8~ k ~ 5(0) 
then ui(Qa) > C\ an absolute constant only depending on the NTA constants of Q. Thus for 

Ye i*n(n 2 \ni) g (y) < 

S(o)n-i ~ (diamQ^)"- 2 ' These combined with a computation like the one 
that appears in (7.108), (7.109) and (7.110) yields 



/ Gol^oll^HVFldZ < V f f 



\F\\VF\dZ 



oj (Q 



Q^can 
/*nn 2 \ni^0 



fjk r ""' J (diamQ*)- 2 

1/2 



< £ MQ^ 2 L (Q^) [ 5 2 ~ n \F\ 2 dzj 5 2 \VF\ 2 dZ 
i*nQ 2 \ni^0 

< [ ([ 5 2 ~ n (Z)\F\ 2 (i _5 2 \VF\ 2 dY]dz] duo 



an \Jr M (Q)nn 2 \n 1 \Jb{z,^±) 

< 5(0)^l 2 [ N M F(Q)N M (5\VF\)(Q)5(0) n / 2 du 
Jan 



< 



5(0) / N M F(Q)N M (5\VF\)(Q)duj (Q). (7.118) 
Jan 



We control the second term in (7.116) by recalling that if Y € I k H Q 2 \Oi then 5(0) ~ diam and 



5G 



|VGqOO| ~ G S(Y) ~ ■ Thus as in (7.118) and using the doubling properties of ojq we have 



f F 2 \A \\VG \dZ < V / F 2 |VG |dZ 

Jn 2 \ni nhr-an J ^n 2 \Qi 



Q£c9Q 

1/2 



< 

/^nn 2 \ni^0 



'an 

Combining (7.116), (7.118) and (7.119) we obtain 



< 6(0) [ N M F(Q)N M F(Q)duj (Q). (7.119) 
Jan 



ds 



I ( G (Z)L F 2 (Z)dZ 

Jl Jn\B(0,sR ) 

<S(0) [ N M F(Q)N M (S\VF\)(Q)dLo (Q) + S(0) [ N M F(Q)N M F(Q)du> (Q). (7.120) 
Jan Jan 

Combining (7.104), (7.105), (7.106), (7.113) and (7.120) plus recalling the fact that S M {ui) < 
Sm(F) + Sm(uq) and HSm-FHz^^) ~ | \SF\ |l 2 (o;o) an d Remark 7.2 we obtain 

S 2 F{Q)duj (Q) = [ [ S 2 F(Q)du {Q)ds 
'an Ji Jan 

[ [ [ 5- n {Z){5{Z)\VF\fdZduj Q ds+ [ [ \VF\ 2 5 2 ~ n (Z)ujo(A(Q z ,35(Z)))dZds 
Ji Jan Jr(Q)nu., Ji Jnxn., 



< 



< 



i JanJr(Q)nn s Ji Jn\n s 

S~ n (Z)(S(Z)\VF\) 2 dZduj + 



an Jr{Q)nn a 



r; 


[ L F 2 G 


ds + [ 


[ (LqF)FGo 


ds 




Jn\n s 




Jn\n s 





N(5\X7F\) 2 (Q)dLo (Q)+e Q / N M (5\VF\)(Q)S M (ui)(Q)cbo (Q) 
an Jan 



+ e [ S M {ui){Q)N M F(Q)du + ( N M F(Q)N M (5\VF\)duj + [ N M F{Q)N M (F)(Q)du 
Jan Jan Jan 

< \\N(S\VF\)\\ 2 L2{uJo) + \\Su \\ 2 L2M + \\NF\\ 2 L2M + \\N(F)\\ 2 LHuJo) +e \\SF\\ 2 L2M . (7.121) 
Since by Lemma 2.13 H^uoH^^) < \\ Nu o\\h(uj ) ~ H/lli^o) we obtain from (7-121) 

II^II^M < ll^lVFDHi,^, + \\NF\\^ {U0) + \\N(F)\\ 2 L2M + ||/||| 2{wo) (7.122) 

which yields Lemma 7.8. 

Proof of Theorem 2.9: Since S(u\) < S(F) + S(uq), (7.38), (7.103) and the argument above, 
(7.122) yields 

f NF(Q) 2 du} + [ N(5\VF\) 2 (Q)doj < Ce 2 [ S 2 Ul du} 
Jan Jan Jan 

< Ce\ f (SF) 2 (Q)dio + Cel [ (Su o ) 2 du 
Jan Jan 
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<Ce 2 ( [ NF{Q) 2 duj + [ N{5\VF\) 2 {Q)dLOo] +Ce 2 Q [ NF(Q) 2 duj + Ce 2 [ f 2 doj . 
\Jan Jan J Jan Jan 

(7.123) 

Thus 

f NF(Q) 2 doj + [ N(5\VF\) 2 (Q)du; <Ce 2 [ N F (Q) 2 du + C e 2 [ f 2 du . (7.124) 
Jan Jan Jan Jan 

Note that since | [ -Witt || 1,2 ( Wo ) ~ H-^^Hz, 2 ^)' ^ = 0,1 then by (7.124) 

f NF(Q) 2 doj < [ Nu 2 1 (Q)doj + [ Nu 2 (Q)du; 
Jan Jan Jan 

< C [ Nu\{Q)duQ + C [ f 2 du 

Jan Jan 

< C [ NF(Q) 2 doj + C [ fduo 

Jan Jan 

< Celf NF(Q) 2 dta + C [ f 2 du (7.125) 

Jan Jan 



which ensures that 



which yields 



f NF(Q) 2 dta < C [ f 2 du; (7.126) 
Jan Jan 



[ Nu\(Q)du < C [ NF(Q) 2 doj + C [ Nul(Q)du 
Jan Jan Jan 



< C / fduo. (7.127) 
'an 



This concludes the proof of Theorem 2.9. 



8 Regularity for the elliptic kernel on CADs 

Theorem 8.1. Let Q be a CAD — assume there exists a constant C > such that 



i 



□ 



7T7 [ t^rdx) 2 < C (8.1) 



Acdfl Jt(A) $i x ) 

Then uj\ G A ca (a) if ojq G A OQ (a). 

The argument used to prove the result above is similar to the one used in [10] to prove Theorem 
2.3. In our case it relies on a generalization of Fefferman's result to the CAD setting, as follows. 
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Theorem 8.2. Let Q be a CAD and let 



i 

If || J 4(a)||^cx)( CT ) < Co < oo and ujq G A^a) then u\ G 7400(a). 

Proof of Theorem 8.2 

This is a corollary of Theorem 2.9. In fact note that for A = B(Qo,r) n d£l with Q$ G dQ the 
fact that u °^^y l -i X ^ ~ G 8{X) comD i n ed with Fubini's theorem and the doubling properties of ojq 



yields 



a\X)G G (X) dx < _J_ r a 2 (X) u (A(Q x 5(X)) ^ 



wo(A) Jt(A) S(X) 2 ~ w (A) Jt(A) S(X) 6(X)»- 

1 /■ /• a 2 (X) 



< 




t(A) Jan 

T(A) d (X) 



^yrXA(Q x ,5(X))(Q)^X (8.3) 

) \ 



< — / ^(a)(Q)dwo(Q) 
[ A 2 (a){Q)du(Q) 

w o(A) J3A 

Hence there exists 5 > depending on n and the NTA constants of f2 such that if ||-A(o) ||l°°(ct) — ^ 
and ojo G A^cr) then cji G ^(wo)- Since wo G A^cr) the fact that ||A(a)||£<x>( CT ) < 5 implies that 
||-A(a)||z,°o(cj ) < £■ Estimate (8.3) guarantees that there exists C > depending on n and the NTA 
constants of such that 



sup I "TAT / a2 ( X ) ) ^ ( 8 - 4 ) 

Acan ywo(A) J t(a) (X) J 

choosing 5 > small enough so that C$2 < eo in Theorem 2.9 we conclude that ui\ G ^(wo)- 
To finish the proof of Theorem 8.2 consider the family of operators Lj = (1 — t)Ao + tA\ for 

< t < 0. Consider a partition of [0, 1] {tj}™ sucn that < ij+i — ti < ^ where Co is as in 
the statement of Theorem 8.2. Let en be the deviation function corresponding to Lt i+1 = Li + \ 
and L u = Li, here €i(X) = A U+1 (X) = (t i+1 - ti)e(X), and a,i(X) = (t i+1 - ti)a(X). Hence 
ll^( a fc)llL°°(o-) = {ti— 1 ~~ ^)ll j 4( a )llL°°(o-) < ^- An iteration of the argument above ensures that for 

1 G {0, . . . , m} Wj G A^cr) and Wj+i G 5 2 (w). Hence c*?i G A^cr). □ 



1 

2 

. 1 
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Proof of Theorem 8.1: We are assuming the Carleson condition (8.1) on ^^ydX and that 
ujq € ^4oo(cr). We will show that u\ £ A OQ (a) by showing that there exists < a < 1 and < /3 < 1 
such that if A = B(Q ,r) n dtt and E C A then > a implies that > /3. 

For r > and 7 > we denote by T^ r (Q) the truncated cone of radius r and aperture 7, i.e. 
r 7>r (Q) = {X € n : |X - Q\ < (1 + 7)5(X), < d(X) < r < S(X) < r}. We define the truncated 
square function with aperture determined by 7 for the deviation function a(X) by 

The appropriate constant 7 will be chosen later. 

Applying Lemma 3.13 to A(X) = jJ^ xB(Qo': (2 + l) r ){X) we conclude that 

a 2 (X) 



-±-r [ A? r (Q)da(Q) <-^f 



T((2+ 7 )A) 

because a is doubling and hypothesis (8.1). Thus there is a closed set S C A so that > \ and 
Ay.rCQ) < C; for QeS 

Recall that there exist constants < j3 < 7 and C\ < C2 < and a sawtooth domain such 
that 

(ii) dn s ndn = s 

(iii) The NTA character of Qs is independent of S. 
(See [12]). 

Without loss of generality we may assume that |/3 + ^ < 7. Let J7' = Uogs ^^(Q) an( A 
Q = UQ G 5 r 7,c 2 r(<9)- For I e H with 5(X) < dr if B (x, ^) then there exists 

Q £ S so that B (x, ^) C T 1)C2 r{Q)- In fact if Y G B (X, ^) n Q' there is Q E 5 so sthat 
|Q-y| < (1 + P)5(Y) and |Q-X| < \Q-Y\ + \Y-X\ < (1 + (3)5(Y) e ^ < + - 

5(X) (l + (|/3 + i)). Thus X € r 7;r (Q). Define the operator L x = divliV by setting 

^i(X) if X £ O' 

A 1 (X) = { 

A (X) if X € 
)l bet 

that a(X) < a(X). For 7 and (3 as above consider 



2 



Let a(X) = sup / six)\ \Ai(Y) — Aq(Y)\ be the deviation function for L\ and Lq. Observe 

Y€LB[X, j ) 



1 

2 \ 2 
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Note that by the definition of A\ and a, 

MQ)=[j v 



i 



^ V ■ 

n 



If s ^X, ^) ntt = then a(X) = 0. On the other hand if X € I> )Cir (Q) = and 5 fx, ^) 
O' ^ then there exists Qe5so that B (x, ^) C r 7i c 2 r(<2). 



2 

Thus ^4/3 (Q) < ^4 7ir (Q) < Cy. By Theorem 8.2 uj\ = u;^ G 7100(0"). Choose < a < 1 close to 
1 so that a a(2.p — I whenever ^© > a. Let F = S D E since wi 6 7100(0") there exists constants 
C > and 7/ > so that 

W) >C (^Y>C>. (8.5) 



2i(A) V"(A) 

By [5] and [11] there exist constants C > and Q > depending on the ellipticity constants 
the NTA constants of and n so that for F C S 

1 /^S/CA^ / , 



and 

^< F >)^^ C M 9 < 8 - 7 > 

(see Lemma 1.4.14 in [12]). Since C L\ = L\ on j7s and uj^ s = ui\. Combining (8.5), (8.6) 
and (8.7) we obtain since F C E 



wi(A) ~ wi(A) ~ C \ 1 v V C 



1 



Remark 1: Recall that by the work of David & Jerison [6] and Semmes [16], we have that if £1 is 
a CAD and u denotes the harmonic measure then uj E A OQ (a). Theorem 8.1 shows that the elliptic 
measure of operators which are perturbations of the Laplacian in the sense of (1) is also in A^a). 
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